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The use of box girders in bridge construction is common. 
Because of their high torsional stiffness, box girder bridges may 
give better lateral distribution of loads than the usual type of 
slab-stringer bridges. Besides, reinforced concrete box girders 
lend themselves to the maximum use of precasting and minimum amount 
of in-situ work. 
To date, very little theoretical work has been done on 
box girder bridges. The analysis and design of such structures re-
quire a deeper understanding of the underlying structural behavior. 
The object of this investigation is to develop an analysis technique 
that applies to multlcell box girders made of several materials and 
having stiffeners and diaphragms. The analysis method will consider 
all the factors that play an important role in the behavior of the box 
girder such as the distortion of the cross-section in its own plane 
and the warping of the cross-section. 
Another object of this investigation is to study the be-
havior of multicell box girders making use of the analysis technique. 
The study of the effects of diaphragms on stresses and deflections is 
the major point of this behavioral study. Based upon this study, 
design recommendations are suggested whenever possible. 
1.2 Scope 
The box girders studied are straight and of constant cross-
section. They are single span girders, simply supported or fixed 
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at each end. Single-cell girders as well as multicell girders are 
considered. The shape of a cell is either rectangular or trapezoidal. 
Cross-sections of the girders studied are shown in Figure 1. Steel, 
reinforced concrete and composite steel and concrete box girders are 
considered 
The loads are assumed to be applied vertically at the nodes, 
i.e., the intersection line of two plate elements. Loads may be 
either concentrated or line loads. The study considers only the elastic 
behavior of the box girders. 
The variational method which was proposed by Vlasov (I) for 
the study of girders of closed section is used in this work. Vlasov's 
method makes use of a set of generalized coordinates in a stiffness 
analysis. It is used here because it readily permits consideration 
of the deformations which are characteristic of the action of box girders 
but which need not be considered in other types of bridge systems. It 
allows consideration of the distortion of the cross-section in its plane, 
the warping of the cross-section, and the shear deformations in the 
plane of the plate elements. Vlasov's generalized coordinates method 
is extended in this investigation to consider composite sections, 
longitudinally and transversely stiffened sections, and sections stiff-
ened with diaphragms. 
The number, location, spacing and stiffness of intermediate 
diaphragms is varied to study the effect of the diaphragms on the 
behavior of the box girders. 
The solution was programmed in FORTRAN language for use on 
an IBM-7094 digital computer. 
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No attempt is made to give an exhaustive study of the influence 
of parameters which affect the behavior of multicell box girders. 
However, the present work does provide the analytical tools needed for 
such a study as well as some insight Into the general effect of certain 
important parameters. 
This dissertation Is divided into six chapters. Chapter I 
is an introductory Chapter; Chapters 2 and 3 present the method of 
analysis; Chapters 4 and 5 give the analysis results and recommendations 
for the design of box girder bridges; Chapter 6 concludes this pre-
sentation. 
1 «3 Historical Background 
Most of the theoretical work applicable to box girders has 
been done in connection.with aircraft structures and folded plate roofs. 
This has led to two distinct design methods. Box girders used in air-
craft structures are heavily stiffened and their design considers the 
cross-section of the girder to be infinitely stiff in its own plane. 
On the other hand, folded plate roofs have only end diaphragms and 
their design considers the distortion of the cross-section in Its own 
plane. This thesis studies a type of structure that is not well 
represented by either extreme. 
The torsional behavior of thin-walled closed beams of rigid 
cross-section has been described by many authors. The solution for 
pure torsion of multicell closed sections is found in Timoshenko (2). 
The solution of torsion with variable twist and restrained warping 
has been presented by von Karman et. al. (3)(4), Benscoter (5) and 
Dabrowsky (6). A solution also exists for multibeam bridges with beam 
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elements of box section and is given by Pool et. al.(7). The beam 
elements consist of a thick-walled single cell with a rigid cross-
section. The beam elements are connected to each other longitudinally 
by shear keys. 
The methods available for the solution of folded plates 
taking into account the deformation of the cross-section can be 
classified into "ordinary" methods and "elasticity" methods. 
The ordinary methods assume that the longitudinal action 
of each plate Is governed by beam theory and Its transverse action is 
that of a continuous one way slab. This means that the following 
quantities are neglected: the longitudinal bending moment, the 
torsional moment in the plate elements, the transverse axial elonga-
tion and the in-plane shearing deformations of the plate elements. 
The difference between the ordinary methods is only in their formula-
tion and not in the model itself. The methods belonging to this group 
are Gruber's (8)(9), Vlasov's folded plate method (10), Girkmann's (II), 
Gaafar's (12), Gruning's (13), and Yltzhaki*s (14). 
The elasticity methods consider both plane-stress elasticity 
theory and two-way slab theory. This means that all the quantities 
neglected in ordinary methods are considered. The first such method 
was proposed by Goldberg and Leve (15)* Loads and node displacements 
are expressed as Fourier series, equilibrium equatipns are written at 
each node. The system Is solved for the node displacements for each 
Fourier term. This,method is suitable for cases where component plates 
are short with respect to length. However, it Is restricted to a one 
span simply supported folded flat Isotropic plates. Scordells et. al. 
(16) programmed the same method using a stiffness matrix formulation. 
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Along similar lines, Wright (17) developed an analytical method that 
is a modified elasticity method. The assumptions of thin-walled beam 
theory are used considering transverse axial strain and shearing 
deformation in the plane of the plate elements and allowing for two-
way bending action of component plates in the fixed node condition. 
The author helped in the programming of this method and makes use of 
it in this thesis for comparison purposes under the name of alternative 
method. 
All the folded plate methods discussed are applicable to the 
study of box girders but they have certain limitations. Ordinary 
methods do not consider shear deformations, elasticity methods are 
restricted to a single span simply supported girder, and none of them 
is readily adaptable to the consideration of intermediate diaphragms. 
Ordinary and elasticity methods deal with the properties of 
the individual plate elements in formulating the analysis. A solution 
is presented by Vlasov (1) that treats the girder as a unit. It 
considers thin-walled box girders specifically. This method is used 
in this investigation as explained in Section 1.2. It is suitable 
for the consideration of intermediate diaphragms. Longitudinal bending 
moment, torsional moment, transverse axial elongation are neglected. 
This mode] leads to a constant shear stress in the transverse direction 
of a plate element. 
Besides the theoretical work available, some tests of multi-
cell box girders have been reported by Rowe (18), Davis et. al. (19) 
and Sparkes et. al. (20). They are of limited use for purpose of 
comparison in this investigation. 
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Design methods are also available from AASHO (21) and PCA 
(22) for reinforced concrete multicell bridges. The AASHO design 
method basically reduces the bridge to a slab-stringer bridge allow-
ing a better lateral load distribution to account for the torsional1y 
stlffer closed section. The transverse moments resulting from the 
distortion of the cross-section are, however, neglected. Diaphragm 
spacing is suggested not to exceed 40 feet. 
1.4 Nomenclature 
Each symbol is defined when it is Introduced in the text. 
The following is presented for the convenience of the reader. A 
few symbols which occur only in one place are not included. 
a.. matrix of coefficients defined in Equations(2.12) 
A. cross-sectional area of brace i 
A cross-sectional area of a longitudinal stiffener 
b width of a plate diaphragm shown in Figure 10 
b.. matrix of coefficients defined in Equations(2.12) 
B. vector occurring in expressions for boundary conditions 
c distribution factor defined In Equation (5-4) 
c., matrix of coefficients defined in Equations(2.12) 
Q 
j,k matrix of the linear sets of specified conditions 
at a point of suppression 
d » depth of a plate diaphragm shown in Figure 10, or 
depth of a box girder* 
d. . matrix of coefficients defined in Equations^.12) 
No confusion is possible between these meanings. 
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flexural plate rigidity, or differential operator 
d/dz * 
matrix of boundary values of Equations(3.10), or 
matrix of the values of suppressed functions at a 
point of suppression from Equations(3.2l)* 
number of plate elements 
modulus of elasticity for the reference material, 
or modulus of elasticity for a plate diaphragm-
modulus of elasticity for a brace 
modulus of elasticity of plate element p 
sectional area 
equivalent sectional area for a longitudinally stiffened 
plate element 
force In brace i 
components of the force of brace i along members 
1 and 2 
shear modulus of the reference material, or shear 
modulus of a plate diaphragm* 
shear modulus of plate element p 
diaphragm thickness, or step length for the numerical 
integration* 
3 2 
parameter equal to d"YL t used in Section 4.5 
moment of inertia of a plate element per transverse 
unit length. The plate element is not stiffened 
transversely 
equivalent moment of inertia of a transversely 
stiffened plate element per transverse unit length 
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moments of inertia of the girder cross-section 
about x-axis and y-axis respectively 
"sectorial moment of inertia" of the girder cross-
section defined by Equations(2.21) 
length of box girder 
longitudinal concentrated load applied at node i, 
also length of brace i* 
number of transverse degrees of greedom 
point in the middle surface of a plate element of 
the girder given by its coordinates z and s 
transverse bending moment per unit transverse length 
moments in a girder about the x and y axes respectively 
torsional moment per unit length in a plate 
number of nodes 
number of compartments 
surface shear load per unit area in the longitudinal 
direction of the girder 
longitudinal force at the four corners of a diaphragm, 
or applied vertical load on girder* 
the jJkil internal longitudinal generalized force 
surface shear load per unit area in the transverse 
direction of the girder 
the jib. internal transverse generalized force 
transverse bimoment of a single cell box 
matrix of coefficients defined in Equations(2.12) 
arc length along cross-section 
matrix of coefficients defined by Equations(2.12) 
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t thickness of a plate element 
T net torsional moment IJI the cross-section of a girder, 
or transformation matrix defined by Equation (3>1)* 
T transpose of T 
T. transverse concentrated load applied along member k 
u(z,s) longitudinal displacement 
u ,(z) longitudinal displacement of node j 
u. ,(z,s) the jit longitudinal generalized displacement from 
1»J 
the l i t ini t ial -value problem 




U. (z) the i — longitudinal generalized displacement before 
AU. sudden change In the first derivative of the i — 
longitudinal generalized displacement 
v(z,s) transverse displacement 
v. ,(z,s) the J ~ transverse generalized displacement from 
the till initial-value problem. 
V.(z) the J — transverse generalized displacement 
AV. sudden change in the first derivative of the j ~ 
transverse generalized displacement 
w(x,y) warping displacement of a rectangular box girder and 
of a diaphragm. 
x,y coordinate axes of a cross-section as shown in Figure 6 
z longitudinal coordinate 
z . longitudinal coordinate of a concentrated load 
a|,p.,Y. angles defined for brace I In Figure 13 
P coefficient used in p method of numerical integration 
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Y ratio of Young's modulus and shear modulus of the 
reference material 
0 T vertical deflection caused by a torque 
6gc>6 u normalizing vertical deflections defined in Sections4.l, 5*2 
\.(z) longitudinal distributed load along member i 
\. coefficient vector in Equatlon*(3.10) 
A. (z) the h — external transverse generalized force or load 
nk(s) transverse moment in the elementary frame when 
V, » 1 k 
v Poisson's rat io 
th 
T T . ( Z ) the j — e x t e r n a l longitudinal generalized force or load 
TT. (z) the j — e x t e r n a l longitudinal generalized force before 
orthogonalization 
p. , matrix of coeff icients used In Equations(3*2l) 
I i K 
0BC , aBU normalizing axial stresses defined In Sections4.l , 5.2 
o\(z,s) longitudinal axial stress 
o_(z,s) transverse axial stress at the extreme fibers 
T ( Z , S ) shear stress in the plane of the plate elements 
T.,T shear stress in horizontal and vertical plate elements 
TBC»TRL| normalizing shear stresses defined In Sections4.1, 5.2 
4.(s) the I — longitudinal generalized coordinate 
i 
J ' 
the value of the i — longitudinal generalized co-
ordinate at the J — node 
t 
4.. the value of the I — longitudinal general iced co-
jio 
ordinate at the j — node before orthogonalization 
ijf.(s) the J — transverse generalized coordinate 
!! 
2. METHOD OF GENERALIZED COORDINATES 
The object of this chapter is to present the generalized 
coordinates method developed by Vlasov. This method is extended to 
include diaphragms, stiffened plate elements and composite sections. 
In addition, a brief discussion is presented on various methods of 
integration of the final equations. 
2.1 Assumptions 
Consider the single span thin-walled beam shown in Figure 2. 
The position of any point M on the undeformed middle surface is 
determined by two coordinates: coordinate z which is the distance 
along the span from the plane z • 0, and coordinate s which is the arc 
length from an initial generator s • 0. 
2.1.1 Properties of Plate Elements 
The box girder is assumed to consist of flat plate elements 
connected rigidly at the nodes. Each plate is rectangular and of uni-
form thickness with or without longitudinal or transverse stiffeners. 
The plate material is assumed to be isotropic and linearly elastic. 
Any plate element and its stiffeners are of the same material although 
this restriction is not necessary. 
The plates are thin and long, that is their width-to-thick-
ness ratios and their length-to-width ratios are large, i.e., greater 
than or equal to ten. 
In any plate element the axial longitudinal stress and the 
shear stress are assumed to be constant throughout the thickness; 
this amounts to neglect of longitudinal and torsional moments in the 
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individual plate. For plate elements with large length-to-width 
rat io , the longitudinal and torsional moments are small. This may 
be seen by taking a simply supported plate with a length-to-width 
rat io of 10 and with a Poisson's ratio of zero. A transverse 
sinusoidal moment applied on the long edge of the plate induces maxi-
mum longitudinal and maximum torsional moments that are respectively 
0.006 and 0.103 of the maximum transverse moment (see Newmark (23)). 
2.1.2 Loads 
The loads considered are applied statically along the nodes 
as concentrated or distributed loads (Figure 3). However, in the 
derivation presented in this chapter only surface shear forces are 
considered. The simple extension to concentrated and distributed 
node loads is deferred to Section 3-5• 
Loads applied perpendicular to plate elements between 
node points require some slight change in the procedure. They can be 
accounted for by superimposing the stresses in the fixed edge condi-
tion obtained using plate theory on the stresses produced when the 
fixed edge forces are applied as node loadings. This is clearly' 
analogous to the procedure used in stiffness analysis of frames, eig., 
slope deflection. 
2.1.3 Displacements 
The displacements are considered to be small. This assump-
tion and the assumed linear elasticity of the materials permit use of 
the principle of superposition. 
It Is also assumed that the longitudinal strains vary 
linearly In a plate element. This means that any cross-section will 
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deform linearly between nodes in the longitudinal direction. This is 
in effect assuming that a plane section remains plane for each plate 
element. In some cases it may be desirable to introduce nodes In a 
plate between Intersections with other plates. In this way it would 
be possible to study shear lag in a single plate of the girder. 
It is assumed for transverse displacements that plate ele-
ments do not change in width. This is realistic since the wldth-to-
thickness ratio is large and most of the energy of transverse deforma-
tion is bending energy. It Is the same assumption that is used for 
frames when neglecting axial distortion of members. This assumption 
of inextensible plate elements does not mean that transverse normal 
forces are zero. These forces can be computed from equilibrium but are 
not required in the formulation of the analysis. 
2.2 Generalized Coordinates 
Consider again the box girder of Figure 2. An elementary 
strip of length dz is isolated aX location z (Figure 4 ) . When dz is 
unity this strip is called the "elementary frame" of the box girder. 
The assumption of linear variation of the longitudinal dis-
placement between node points of the elementary strip means that the 
nodal out-of-plane displacements determine the longitudinal deformation 
of the strip. The number of longitudinal degrees of freedom for the 
elementary strip is equal to the number of nodes, n. The longitudinal 
displacement u(z,s) of a point M on the surface can be written as a 
finite sum: 
n 




4.(s) is the i — longitudinal generalized coordinate 
U.(z) is the i — longitudinal generalized displacement. 
The choice of the longitudinal coordinates is limited only by the 
restriction that these coordinates be linearly independent. One 
obvious set of longitudinal coordinates is determined by a unit dis-
placement of node I while displacements of the other n - 1 nodes are 
zero as shown in Figure 5a. 
Two possible sets of longitudinal coordinates are shown 
In Figure 6 for a rectangular box. The set in Figure 6a is obtained 
as explained above, the second set has more immediate physical signifi-
cance: the shape 4. is an axial extension, I. and 4. are bending 
deformations about the x and y axes, respectively, while i. is a warp-
ing deformation. In general, the longitudinal deformation of the cross-
section can be broken into an axial extension, bending about two 
principal axes and n - 3 warping deformations. 
The assumption of inextensible plate elements in the trans-
verse direction imposes constraints on the transverse or In-plane de-
formation of the elementary strip. The inextensibilIty of each plate 
element imposes one condition On the displacements of the nodes at its 
ends and reduces the number of degrees of freedom by one for every 
plate element. Therefore the total number m of independent transverse 
coordinates is given by: 
m = 2n - e (2.2) 
where e is the number of plate elements. 
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The transverse displacement v(z,s) of a point M of the middle 
surface can also be written as a finite sum: 




t j (s) is the j — transverse generalized coordinate 
th 
V.(z) is the j — transverse generalized displacement. 
The choice of the transverse generalized coordinates is again limited 
only by the restriction that these coordinates be linearly independent. 
As before, one set of transverse generalized coordinates is 
obtained as follows: member j of the elementary frame is given a unit 
displacement, j varying from I to e, while displacements along the 
remaining members are determined by assuming the elementary frame to 
act as a linkage (Figure 5b). Only m of these displacement patterns are 
linearly independent and the remaining e - m patterns are dropped. 
Two possible sets of transverse coordinates are shown in 
Figure 7 for a rectangular box. The set of Figure 7a is obtained as 
described above. The set of Figure 7b has more direct physical meaning: 
the shape f. is a rigid body rotation, i_ and if- are rigid body trans-
lation along the x and y axes respectively, and f. is a distortion 
pattern. In general, the transverse deformation can be broken into 
three rigid body motions and m - 3 distortion patterns. 
The choice of the generalized coordinates in accordance with 
the basic assumptions reduces the two-dimensional problem involving the 
displacement functions u(z,s) and v(z,s) to a one-dimensional problem 
Involving the general I zed displacement functions U, (z) i - 1, ....n 
and V. (z) j => I, .. ..m. 
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2.3 Relations Between Stresses and Generalized Displacements 
An element with sides equal to ds and dz and a thickness of 
t is isolated at point M(z,s) as shown in Figure 8. The external forces 
acting on the element are the surface forces p(z,s) in the longitudinal 
z-direction and q(z,s) in the transverse s-direction. Forces are present 
which correspond to the longitudinal axial stress c (z,s) and to the 
shearing stress T ( Z , S ) both stresses being constant through the thick-
ness, and to the transverse bending stress that varies linearly through 
the depth being a maximum denoted by o_(z,s) at the extreme fibers. The 
resultant of the transverse bending stresses is a transverse bending 
moment M_(z,s). 
From the theory of elasticity for small deformation the stress-
displacement relations yield: 
aL(z,s) - E g ^ 
(2.4) 
t 
where E is Young's modulus and G the shear modulus. 
After u and v are replaced by their expressions from 
Equations (2.1) and (2.3), Equations(2.4) give: 
ffL(z.s) = E £ U('(Z) 4.(s) 
1-1 
n 
T(z,s) - G ( £ U,(z) 4J (s) +£v^ (z) tk (s)) 
< " > 
i-1 k-1 
where the prime denotes differentiation with respect to the argument 
i 
of the function. 
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The transverse moment per unit length is given by: 
m 
MT(z,s) ="£v k(z) uk(s) (2.6) 
k-l 
where u.(s) is the bending moment induced in the elementary frame 
deformed into the shape ••.(s). 
The extreme transverse bending stress is obtained by 
dividing M_(z,s) by the section modulus S of the corresponding member 
of the elementary frame: m 
I V z > *k<s> 
oT(z,s) = *Zl (2.7) 
m 
Equations (2.5) and (2.7) express the relations between 
stresses and generalized displacements. 
Equations (2.5) and (2.7) with the choice of the generalized 
coordinates lead to a specific stress variation in the cross-sectIon. 
The longitudinal axial stress and maximum transverse bending stress 
vary linearly between node points. The shear stress is constant in a 
plate element. Equation (2.6) shows that the transverse bending moment 
varies linearly between node points. 
2.4 Virtual Work Equations 
The virtual work equations are derived for the general case 
of a composite girder with all plate elements stiffened transversely and 
longitudinally. 
For ease of formulation, a reference material is chosen with 
E and G as the modulus of elasticity and shear modulus. The constants 
E and G denote the moduli of the p — plate element. The parameter t 
P P 
denotes the thickness of the plate without its stiffeners, d. the 
longitudinal stiffeners spacing, A the area of a longitudinal stiffener, 
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and d the transverse stiffeners spacing as shown in Figure 9. The 
following assumptions are made for stiffened plate elements: 
(a) The plate element and its stiffeners are of the same 
material. 
(b) The plate alone carries the shear in i ts plane. 
(c) Longitudinal stiffeners are shallow, closely spaced, 
and therefore are assumed to be equivalent to an 
added plate thickness in the longitudinal direction given 
by A / d . ; the total equivalent thickness Is given by 
t0 = t + As /dL (2.8) 
(d) The transverse stiffeners increase the moment of inertia 
of the plate elements in the transverse direction. An 
effective moment of inertia I per unit transverse 
e 
length is determined from an effective plate width that 
acts with the stiffener (Appendix A ) . The moment of 
inertia of the effective plate and stiffener is found 
t about their neutral axis, and then divided by the trans-
verse stiffeners spacing to give I . 
If the plate element is not stiffened t = t and I • t /12. 
e e 
Attention is now turned to the equilibrium conditions. The 
elementary transverse strip of Figure 4 has (m + n) independent degrees 
of freedom. The equilibrium of the strip can be formulated using the 
principle of virtual work. The work done by al l forces on the elementary 
strip vanishes for any virtual displacement. To arrive at a consistent 
theory, the restriction on the displacements wil l restrict the virtual 
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displacements as wel l . Therefore only variations of the generalized 
coordinates are required for virtual displacements. 
The equations of virtual work take the form: 
JF l l V
 Fe " JF
 T 'j * + J L P V » - 0 j - 1. ...n 
m (2.9) 
I IT V F • I \ I, n;d s + J, « V s • ° h - • » •••m 
F k=l L P L 
where dF > t ds and dF = tds. The symbol F denotes integration over 
the whole cross-sectional area and L denotes integration over the whole 
arc length of the cross-section. 
The first n equations express the work of all the forces in 
the n longitudinal displacement patterns. The first term In these 
equations expresses the external work of the axial longitudinal stresses, 
the second term the internal work of the shearing stresses, and the 
last term the external work of the applied longitudinal forces. 
The second set of m equations expresses the transverse work 
of all forces in the m transverse displacement patterns. In these 
equations the first term expresses the external work of the shearing 
stresses. The third term expresses the external work of the transverse 
applied forces. The second term expresses the Internal work done by 
the transverse moment and Is explained below. 
The moments Mh(s) are induced in the elementary frame when 
deformed into the shapes •. (s). The parameter I is the moment of inertia 
n © 
of the members of the elementary frame including the effect of the 
transverse stiffeners. The internal work done by the transverse bending 
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moment M_, when the elementary transverse strip goes through a virtual 
P ̂ h ^ 
displacement t h(s), is equal to j E •• M-ds. This expression leads 
L p a 
to the second term of the second set of m equations when M_ is replaced 
by its value from Equation (2.6). 
The stresses from Equations(2.5) are substituted in Equations 
(2.9) to give: 
n n m 
Y I ajiuV - 1 V i - Z V k ^ j - 0 J - »• •••" 
t-1 1-1 k-1 
<2- , 0> 
S d h i u ! + I r h k v , k - Y I s h k v k + ^ A h - ° * - ' • •— 
1=1 k=l k»l 
Primes denote derivatives with respect to z. The terms tr. 
and A, are given by: 
TTj(«)-J p(z,s) lj(s) ds Ah(z) - J q(z,s) th(s)ds (2.11) 
They are the generalized external forces or loads. 
The coe f f i c ien ts of Equations(2.10) are given by the fo l lowing 
expressions: 
Y » E/G 
• j F - J *j(s) 4 .(s)( lp /E)dF e 
bJf - J 4J(s) 4[(s)(Gp/G)dF 
dhl " JF*h<
S> •;(*><G(J/G>dF 
r hk-J F *h<
S >Ms) (G p /G)dF 
(2.12) 
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. . n. (s)u. (s) 
s,. - j-J h E / ds (2.12) 
hk E,,L V e 
For plates with no longitudinal stiffeners dF reduces to 
3 
dF. For plates with no transverse stiffeners I reduces to t /12. 
For a gtrder made out of a single material, the ratios E./E and 
G /G are unity. 
P 
Inspection of Equations(2.l2) reveals certain relations 
between the various coefficients which are the expressions of Betti 's 
law for the structure: 
*JI " a IJ 
b J i " b U 
rhk " rkh (2.13) 
shk " skh 
c,i " dui« when J « i and k • h Jk hi* J 
The system of equilibrium equations, Equations(2.10), consists 
of (m + n) simultaneous linear differential equations of the second-
order with constant coefficients In terms of the (m + n) generalized 
displacements. 
Equations(2.10) can be written in matrix form as: 
[YD2 [ . ] - tb ]J lU,) - D[cJk]{VkJ - - i l- j} 
(2.14) 
oC^HV^r^-Yts^J^l-.itA,,) 
where D is the differential operator d/dz. 
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2.5 Orthogonal Coordinates 
The choice of the generalized coordinates is limited only 
by the requirement of linear independence. They can be chosen such 
that they satisfy the following relations: 
r E„ 
j t , (s) 4^.$) - ^ d F e - 0 for I ¥ J 
F G ( 2 , , 5 ) 
1 * h ( s ) * k ( s ) ~G dF " ° ^ r h y k 
The longitudinal coordinates are then orthogonal over the cross-section 
with respect to the weighting function E /£ and similarly the transverse 
coordinates are orthogonal over the cross-section with respect to the 
weighting function G 'G. With the orthogonal coordinates, Equations(2.10) 
take the simpler form: 
n m 
VajJUJ "IV« 'I V k + G " j " 0 J - 1 ' - B 
1=1 k=l 
n » m (2.16) 
Ldhiu! + rhhvh"^lshkvk + i A h - 0 hm}> •••" 
i-l k»l 
As a result, the second derivative of each generalized dis-
placement appears in only one equation of the set and is the only second 
derivative in that equation. This facilitates the numerical Integration 
of the system and the study of concentrated loads. 
The method used to obtain an orthogonal set defined by 
Equations(2.15) is described in Chapter 3» 
2.6 Internal Generalized Forces 
The Internal generalized forces are defined by the following 
expressions: 
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Pj(z) -J *L(s.s) «j(s)dFe j - I, 
y z ) -J T(Z,S) tj(s)dF j - 1 
.n-
(2.17) 
• • • «n 
where P. is the j — longitudinal generalized force and Q is the .*-
transverse generalized force. The integrals art taken over the cross-
sectional area. 
For a single cell box girder with the set of generalized 
coordinates of Figure 6b and Figure 7b the generalized forces have a 
definite meaning: 
P. is the net axial force N 
P~ Is the bending moment about x axis M 
P. is the bending moment about y axis M 
P. is defined to be the longitudinal bImoment B 
Q. is the net torsional moment T 
Q., Is the total horizontal, shear V 
2 x 
Q,, is the total vertical shear V 
3 y 
Q. is defined to be the transverse bimoment Q_. 
These generalized forces can be expressed in terms of the 
generalized displacements using Equatlons(2.5) as: 
n 
Pj(z) - E ^ a | j u | ( z ) j - I, ...n 
M (2.18) 
n m 
V z ) * GC 1 C IJU I ( Z ) + I rkjvk (z )) J " ' » • • • m 
1-1 k-1 
For orthogonal coordinates Equations(2.18) become: 
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Pj(z) - E ajjUJU) J - 1, ...n 
n (2.19) 
d}(z) « G ( } CJJU^Z) + r^vjot)) j - I, ...m 
1=1 
The longitudinal axial stress o can be written in terms of 
the internal generalized forces for the case of orthogonal coordinates. 
This axial stress, using Equations (2.5) and (2.19), is equal to: 
n P 
o"L(z,s) - £ jJ- »j(s) (2.20) 
j=l JJ 
The meaning of Equation (2.20) may be clarified by examining 
the case of a single box having the generalized coordinates of Figures 
6b and 7b. The generalized coordinates yields the following expressions 
for a . . J = 1, . . . 4 : 
• l ! - J F ' *
 dF"A 
a 2 2 - J F y
2 d F - l x x 
a33 - J F *
2 dF - 'yy 
• < * " J "2 dF " !„ 
(2.21) 
where w is the generalized coordinate 4. , or the warping shape, A is the 
area, I „ the moment of inertia about the x axis, I the moment of 
xx yy 
inertia about the y axis and I the sectorial moment of inertia of the 
cross-section. 
Equation (2.20) becomes, after substituting for P. and a.. 
their values determined above: 
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MM M Z > M Z > H(,\ 
a (z,s) « ^ + - f — y + - f — x + *fJ- w (2.22) 
xx yy w 
This expression is a generalization of the usual one for determining 
stresses In beams from the stress resultants. 
2.7 Boundary Conditions 
the system of differential equations, Equations(2.10), con-
ta ins^ -i- n)ordinary linear equations of the second order having con-
stant coefficients. It follows that the required generalized displace-
ment functions contain 2(m + n) arbitrary constants. This equals 
twice the number of spatial degrees of freedom, and agrees with the 
number of independent boundary conditions which may be given at the 
end sections. The problem has a unique solution when 2(m + n) suit-
able boundary conditions are specified. 
Three types of end conditions are considered and art 
described below. The simply supported end and the fixed end are used 
in this investigation; the free end condition is presented for generality. 
2.7.1 Simply Supported End 
A simply supported boundary exists at an end when the support 
is unyielding. In addition, a diaphragm which is free to warp and 
rigid in shear is located at that end. 
The virtual work of the end forces must vanish for a l l 
possible displacement patterns compatible with the boundary conditions 
when the boundary configuration stores no energy. For a simply 
supported end, n longitudinal displacements are possible.and are chosen 
to be proportional to the generalized longitudinal coordinates. The 
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virtual work is given by the generalized forces. The work expressions 
lead to: 
P,(z) = 0 I » 1, ...n (2.23) 
(5) end 
or using Equations(2.l8) 
u!(z) = 0 1 = 1 , ...n (2.24) 
<S) end 
In addition to Equations(2.24) the transverse generalized displace, 
ments vanish at that end: 
V.(z) « 0 j «= 1, ...m (2.25) 
* <s> end 
In a box girder with both ends simply supported, a longitudinal generalized 
displacement must vanish or be specified at one end for uniqueness of 
displacements. If this generalized displacement is taken to be U, the 
conditions at such an end may be expressed as: 
U. (z) - 0 
@ end 
u!(z) » 0 I » 2, ...n (2.26) 
(3) end 
V.(z) = 0 j • I, ...m 
J @ end 
2.7.2 Fixed End 
A fixed end exists when all the generalized displacements 
vanish at that end. The conditions can be written as: 
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i • I, . . . n 
(2.27) 
J • I, ...m 
2.7.3 Free End 
A free end is defined to be an end where displacements are 
not restrained. Supports and diaphragms are absent. 
The virtual work of the end forces must vanish for all the 
possible displacements patterns that art compatible with the boundary 
conditions. For a free end,(m + n)displacements are possible and are 
chosen to be proportional to the longitudinal and transverse generalized 
coordinates. The virtual work is given by the generalized forces and the 
work expressions lead to: 
P.(z) • 0 i - 1, ...n 
@ end 
(2.28) 
Q.(z) - 0 j - 1, ...m 
J @ end 
Equations (2.19) and (2.28) yield: 
u! (z) - 0 I • I , . . . n 
<S) end 
n (2.29) 
r.,V (z) + £ Cj.UjfzJa 0 J " '» •••"> 
1=1 <® end 
2.8 Action of Intermediate Diaphragms 
Diaphragms are placed at intermediate points to stiffen the 
box girder. They can be of two types, plates or cross-bracing. In 
analysis, a diaphragm is considered deformable and linearly elastic. 
I t exerts a system of self equilibrating forces on the girder which 
depend only on the box girder displacements. 
U,(z) - 0 
<a end 
V , ( l ) - 0 
J 6> end 
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2.8.1 Rectangular Plate Diaphragms 
' Plate diaphragms possess an in-plane stiffness and an out-
of-plane stiffness. Therefore they resist both the relative trans-
verse and relative longitudinal displacements of a section of the box 
girder. The thickness of the diaphragm Is denoted by h, its depth 
by d, its width by b, its Young's modulus by E, and its shear modulus 
by G. 
2.8.1.1 In-Plane Action 
The diaphragm is assumed to act in pure shear. Under de-
formation, the edges of the plate diaphragm are assumed to remain 
straight and therefore do not conform to the bent configuration of the 
elementary frame. Compatibility of the deformation of the diaphragm 
and the girder is attained only at the node points. 
For a deformation • |V. • 1 (Figure 10), the shear forces 
induced in the plate diaphragm are given by: 
S, » Ghd/b 
' (2.30) 
S2 " Gh 
2.8.1.2 Out-of-Plane Action 
The plate diaphragm exerts concentrated longitudinal forces 
directed along the nodes of the box girder. These corner forces are 
determined from the theory of bending of plates. 
A deformation of the plate diaphragm given by 4.U. •> 1 
(Figure II), is the sum of four displacement patterns. The four dis-
placements are a longitudinal displacement of the whole diaphragm, a 
rotation about the x axis, a rotation about the y axis and a warping 
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displacement pattern. It can be shown easily that the warping dis-
placement at each of the four nodes Is equal in absolute value to: 
SQ - (S, + S4 - S2 - Sj)/4 (2.31) 
where S., S., S,, S. are the algebraic values taken by 4. at the 
four corners of the diaphragm. 
Only the warping deformation of the diaphragm produces 
corner forces and attention is now directed to this warping (Figure 12). 
The warping deformation of the diaphragm is given by: 
w - cxy (2.32) 
where w is the longitudinal displacement of a point defined by its 
k 
coordinates x and y in the middle surface of the diaphragm. The con-
stant c is given by: 
c - ^ (2.33) 
From plate theory, the corner forces are equal to 2M . The torsional 
xy 
moment M is given by: xy 3 ' 
Mxy ' D<' - v> t^y < 2-W 
3 2 
where D = Eh /12(1 - v ) and v is Polsson's ratio. Therefore, the 
corner force P is obtained from M by replacing w from Equation (2.32) 
xy 
and by multiplying the result by 2: 
P - Eh3SQ/3bd(l + v) (2.35) 
A comparison between in-plane and out-of-plane stiffness of 
a plate diaphragm of practical proportions indicates that out-of-plane 
stiffness is small compared to in-plane stiffness. The ratio of in-plane 
30 
2 
stiffness to out-of-plane stiffness is proportional to h /bd. This 
ratio is a maximum of 0.01 for practical box girder proportions. More-
over, a box girder is much stiffer in the longitudinal direction than 
in the transverse direction. Neglect of the longitudinal corner warp-
ing forces seems warranted. 
For a box girder with several cells, the forces Induced In 
all the separate rectangular diaphragms are computed for all the 
generalized coordinates. 
2.8.2 Cross-Bracing 
An X-brace does not possess substantial warping or flexural 
stiffness. It acts to restrain the transverse deformation of the box 
girder through direct tension or compression. It is assumed that the 
compression in any brace is well below the buckling load. 
For a transverse displacement given by t.V. a | (Figure 13)» 
the axial deformation in a brace i is given by: 
ALj - + sin pj/cos Y. (2.36) 
where p. and Y, are the angles shown on Figure 13 for the specified 
V 
The force in the brace is given by: 
Fj - Efa A, AL f/L, (2.37) 
where E. Is Young's modulus, A. the cross-sectional area and L. the 
D I I 
length of brace i. 
The force F. Is resolved into components along the two adjacent 
members at node 1 as follows: 
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F n - Fj sin pf/sln(rr - a. - p{) 
(2.38) 
FJ2 = F. sin a./sin(n - a. - p.) 
where a. is defined In Figure 13* 
For every *iV, = 1 (h «» I, ...m), the cross-bracing is 
replaced by systems of forces (at each end of a brace) given by 
equations of the same type as Equations (2.36), (2.37) and (2.38). 
2.8.3 Trapezoidal Plate Diaphragms 
The analysis of trapezoidal box girders with intermediate 
plate diaphragms uses the concept of equivalent bracing system. More 
exact analysis of a trapezoidal plate diaphragm Is possible, Gustafson 
(24), but Is more complex than required here. 
A rectangular plate diaphragm is equivalent to cross-bracing 
consisting of two diagonal braces having each a cross-sectional area 
given by: 
h.L, h.L, 
Ai = (Eb/G) sin 2P. " (Eb/G) sin 2a, *
2,39) 
where h is the thickness of the plate diaphragm, L, the length of a 
brace, E, Young's modulus of the bracing, G shear modulus of the plate 
diaphragm and a. and p. the angles defined in Figure 14a. 
By extension, a trapezoidal plate diaphragm is considered 
equivalent to two diagonal braces having each an area given by Equation 
(2.39) with angles Q. and p. as defined In Figure 14b. 
2.9 Methods of Solution 
The system of differential equations, Equations(2.10), must 
be solved for the generalized displacements. The stresses and node 
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displacements are then determined by substituting the values of the 
generalized displacements in Equations (2.1), (2.3), (2.5) and (2.7)* 
Several methods of solving the system are available. They are dis-
cussed below. 
2.9*1 Closed Form Solution 
Equations(2.10) can be solved in a closed form making use 
of the boundary conditions at both ends. The method of initial para-
meters provides such a solution. The boundary-value problem is 
solved as an Initial-value problem in terms of unknown initial para-
meters. After integration along the span, the initial parameters are 
found from the boundary conditions at the far end. Diaphragm effects 
are evaluated readily. 
This solution is developed by Vlasov (1) for the case of 
a rectangular single cell box girder. However this method becomes 
impractical as the number of degrees of freedom Increases. 
2.9.2 Fourier Expansion 
In this method, loads and generalized transverse displace-
ments are expanded into sine series and the generalized longitudinal 
displacements are expanded into cosine series. This expansion corresponds 
to the case of simply supported ends. 
The system, Equations (2.10), Is reduced to a system of alge-
braic equations for each term of the Fourier expansion. The unknowns 
are the amplitudes of the generalized displacements. The final solu-
tion is given by the sum of all the Fourier components of each 
generalized displacement. 
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This solution is convenient but has certain obvious dis-
advantages. It can be applied only to very special type of end 
conditions. Diaphragms are difficult to consider and convergence 
of the solution may present some problems. 
2.9.3 Numerical Integration 
This work uses numerical integration to solve Equations 
(2.10). This method of solution was chosen because of its generality, 
and~its adaptability to programming on a digital computer with a 
minimum of hand computations. 
The boundary-value problem is solved as a sequence of 
initial-value problems by numerical integration. The final solution 
is the linear combination of the initial-value problems that satisfies 
the boundary conditions at the far end. The procedure is essentially 
an initial parameter method in numerical form. 
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3. METHOD OF SOLUTION 
The solution of the system of linear differential equations, 
Equations(2.10), can be obtained by any of the several methods men-
tioned briefly at the end of the previous chapter. The method of 
numerical integration is used in this work because of its generality. 
The special features of the solution method form the subject matter 
of this chapter. 
3.1 Orthogonalization of the Generalized Coordinates 
The system of differential equations. Equations(2.10), takes 
a simpler form when the generalized coordinates are orthogonal as de-
fined in Section 2.5. The integration of the system also becomes easier 
because of the decoupling of the second derivatives of the generalized 
displacements. As wil l be seen, the treatment of concentrated loads 
also becomes simpler after orthogonalization. A method is presented 
here for obtaining a system of orthogonal generalized coordinates from 
an arbi trar i ly chosen set of coordinates that are independent but not 
necessarily orthogonal. This method wil l yield a set of orthogonal 
coordinates but this set is not a unique set for the box girder. 
3.1.1 Original Set of Generalized Coordinates 
The longitudinal coordinates 4,(s) for i - 1, . . . n are chosen 
to be a unit longitudinal displacement of node I while other nodes are 
restrained in the longitudinal direction. This set of coordinates is 
definitely not orthogonal. 
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The transverse coordinates th(s) for h • 1, ...mare chosen 
to be a unit transverse displacement along a given member j , j varying 
from I to e; displacements along the remaining members are determined 
by assuming the elementary frame to act as a linkage. Only the m 
Independent coordinates are kept. This set of coordinates is orthogonal. 
3.1.2 Change of Displacement Variables 
A change of variables is then performed for the longitudinal 
generalized displacements only. No change of variable is made for the 
transverse generalized displacements. The change of variables Is de-
f i ned by: 
{u|o} - C T ] • (u,) (3-D 
where U. is the original longitudinal displacement vector corres-
ponding to the original set of coord!natesj the vector U. is the new 
longitudinal displacement vector corresponding to the new orthogonal 
set of coordinates that will be determined later. 
T is the transformation matrix. 
As in the matrix theory of frames (25)» the principle of 
virtual work leads to the contragredient transformation for the 
generalized longitudinal load vector; 
{".] «[T]T * {njo) (3.2) 
where rr. is the original longitudinal load vector corresponding to the 
original set of coordinates,n. is the new longitudinal load vector 
corresponding to the new orthogonal coordinates to be determined. 
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Equations (2.10) are wr i t ten for the original displacement 
functions U. as: 
I o k 
^ • j , J t U | 0 J "Lb ] lU | oJ - D[cJk]{Vk] + I { n j o J - 0 
(3.3) 
*dh|3CuIO) + A-'hkJCv.p - Y [ s h k ] { v k } + I { A h } - o 
After substituting for U. using Equation (3.1) and pre-
multiplying the first equation by [T] , EquatIons(3.3) become: 
YO^Tj^.j^cniUjj - C^Lbj^tTOtu,} - oTT]T6Jk3(vk} * 5 lnj] - o 
Old^lUMU,} + t>2trhk]fVkJ - YUhk:tVk) • I |A„) - 0 
The new coordinates corresponding to the new generalized 
displacements are orthogonal I f the matrix product [T] [ a . . ] L T ] is a 
diagonal matr ix . This follows i f [T ] is the matrix of the eigen vectors 
of [ a . . ] , Hi Jdebrand(26). 
3.1.3 Determination of the Orthogonal Coordinates 
The longitudinal displacement of a l l the node points is 
given in terms of the i n i t i a l set of generalized longitudinal coordinates 
4, and displacements U. as: 
Io io 
n 
u (z ,s j ) = £ U,o (z) ^ ( s j ) J - I , . . . n (3.5) 
1-1 
where s. is the transverse coordinate of node j. 
Equations (3*5) are written as a matrix equation: 
The matrix 4,. Is a unit matrix by the original choice of the coordinates, 
j «o 
Substituting for U. its value from Equation (3.1), Equation (3*6) becomes: 
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U s jJ -LT^llUjJ (3-7) 
The longitudinal node displacements art also given by an 
equation similar to Equation (3*7) in terms of the new set of 
generalized displacements U. and orthogonal coordinates 4.,: 
tusjJ - H j ^ C u , ) (3.8) 
Equations 0.7)and (3.8) show that 4.. • T... This means that the mag-
nitude of the I — new orthogonal longitudinal coordinate at the j — 
node, I.e., the displacement of the j-— node when U. • I and U, « 0 
for j i i, Is equal to the j — component of the i — eigenvector of 
matrix a... 
The problem of finding the new set of orthogonal coordinates is 
an eigenvalue problem. This investigation uses a standard computer 
subroutine to find the eigenvalues of a given matrix. 
3.2 Evaluation of the Matrix s.. 
The general term of matrix s.. is given by the equation: 
s h K - U L Ep.e * 0.9) 
where u. (s) and iv(s) are again the moments induced in the elementary 
frame for V. « 1 and V. » 1 respectively. It Is possible to evaluate 
u. (s) and u. (s) using the theory of indeterminate frames, and to 
determine s.. by integration as in Equation (3*9). An easier approach 
is used in this work. The expression under the Integral sign is the 
internal work done through a displacement V - 1 by the bending moment 
u. (s) that Is Induced In the elementary frame by V. • I. This is the 
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» 
total internal work; for the transverse axial distortions and shear-
ing distortions are both zero in the elementary frame, and consequently 
the transverse axial forces and shearing forces do not perform any work. 
The internal work equals the external work in absolute 
magnitude. The term s.. is equal to the work of the reactions Induced 
at the supports of the elementary frame by V. « 1, when undergoing a 
displacement V, • 1. The elementary frame Is assumed to be supported 
by hinge supports at all nodes. The work of the reactions induced by 
different displacement patterns given by *|V. with V. - I will generate 
the matrix s.. . In this investigation the "STRESS" program, Fenves 
et. al. (27), is used to determine both \i,.s and s.. with h, k » I, ...m. 
3.3 Solution of the Boundary-Value Problem as a Set of Initial-Value 
P robIems • 
The analysis of a box girder leads to a linear boundary-value 
problem, as shown in Section 2.7* This boundary-value problem is com-
pletely defined by 2(m + n) boundary conditions, (m + n) at each end. 
This boundary-value problem is solved as a set of (m + n + 1) initial-
value problems. The first (m + n) problems consider the effect of the 
initial boundary and the last problem the effect of the loads. 
For each of the (m + n + 1) problems, 2(m +• n) boundary values 
are specified at the initial end, i.e., all the generalized displace-
ments and their first derivatives. A total of (m + n) of these values 
are the actual initial boundary values, the remaining (m + n) boundary 
values are assumed. For the first (m + n) problems, the sets of assumed 
(m + n) boundary values are taken to be linearly independent. For the 
last problem, i.e. the load solution, the (m + n) assumed boundary 
values are set equal to zero for convenience. 
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Each of the (m + n + 1) problems is solved starting from 
the initial end. The first (m + n) problems are combined linearly and 
added to the load solution to satisfy the boundary conditions at the 
far end. This process can be expressed algebraically: 
m+n 
X, + D. . » B. j • 1 m+n (3*10) 
I j, im-n+1 j J x ' 
where B. is the value of the j — specified boundary function at the 
far end, D.. is the value of the j — specified boundary function at 
j»' 
the far end that is obtained from the solution of the I — initial-
value problem and X is a coefficient of proportionality. 
The system of equations (3*10) Is solved for X. (i=l, ...m+n). 
The final solution is given by: 
m+n 
U, - ) U. , X, + U. . j w,\, ...m 
j L j, I l j,m+n+l J 
M (3.11) 
m+n y 
V. - Y V, . X, + V, , . h - I, ...n 
h L h,i l h,m+n+1 
1=1 
where U. ., V. . are the generalized displacements for the I — Initial-
j,i n,i 
value problem, i running from 1 to m + n, and where U. ,, V. ... 
|,m+n+i n,m+n+i 
are the generalized displacements for the load solution. 
3.4 Numerical Integration 
Each of the (m + n + I) initial-value problems Is integrated 
numerically using a step-by-step method of integration. The integration 
is discussed for one initial-value problem. 
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3.4.1 In i t ia l izat ion 
All the (m + n) generalized displacements are specified at 
the initial end as well as their first derivatives, giving the 2(m + n) 
necessary initial conditions. The second derivatives of the generalized 
displacements can be found at the initial end by substituting for the 
generalized displacements and their first derivatives in Equations (2.10) 
or (2.16). Equations (2.10) are used when the coordinates are not 
orthogonal. Equations (2.16) are used when the coordinates are 
orthogonal. Because of the orthogonalization, the determination of 
the second derivatives is direct and does not involve the solution of 
simultaneous equations. 
3.4.2 Numerical Integration in One interval 
The generalized displacements, their first and second deriva-
tives are assumed to be known at station t along the span. The generalized 
displacements, their first and second derivatives are determined at the 
next station t + 1 by using the numerical Integration described by 
Newmark (28) and the equilibrium equations as explained below. 
The equations for the numerical Integration scheme used here 
are written as: 
V+i
 3 V + Vth + <* - e> u j M , t h 2 + p V + i h 2 
• i k " " J • '» • • • n 
" j . t . 1 - U J . « * ! ( U J , t + U j , t + I > (3.12) 
h *• I , . . «m 
v' - v ' + 1 Cv" W )
 (3*13) 
vh,t+l vh,t 2 l v h, t h , t+ I ; 
I 
where h is the step length between stations t and t + I , U. . , U, . , 
J»c J »c 
" i 
J.t' Vh,t» vh,t» vh,t a r e t n e generalized displacements and their 
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derivatives at t , and U, . . , U.' „ . , u" . . V. „ . , V* . . , v" fcJ, 
j i t + l J»t+1 J , t + 1 , h t t+ r h , t+r h,t+l 
are the generalized displacements and their derivatives at t + I . 
The coefficient p ranges normally from 0 to 0.50. 
The equilibrium equations are written at t + 1 for the 
generalized orthogonal coordinates as: 
n m 
vajj V + i - I V i . t + i - I Vk . t+ i + i n j , t + i
= ° 
1-1 k-1 . , 
j = 1, . . .n 
" m (3.14) 
7 dhiUi,t+l + rhhVh,t+l " Y I shkVk,t+1 + iAh,t+l " ° 
n = i , «• «m 
Equations (3.12), (3.13) and (3.14) are solved for the generalized 
displacements and their first and second derivatives at t + I using 
the following iteration procedure: 
1. The second derivatives are assumed at t + 1, e.g., 
equal to the second derivatives at t. 
2. The generalized displacements and their first derivatives 
are found at t + I by the numerical integration process 
of Equations (3*12) and (3.13). 
3. The generalized displacements and their first derivatives 
obtained in step 2 are used in Equations(3.14) to yield 
a new set of second derivatives at t + 1. 
4. The assumed and computed values of the second derivatives 
are compared. If they differ appreciably the process is 
repeated, beginning at step 2 but now using the latest 
set of computed values as the new set of assumed second 
derivatives. 
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This process continues unti l the assumed and computed values 
of the second derivatives agree within a satisfactory l imit . 
3.4.3 integration From the In i t ia l to the Far End of the Box Girder 
The numerical integration starts at the In i t i a l end where a l l 
the generalized displacements and their f i r s t and second derivatives 
are obtained as described in Section 3 . 4 . 1 . The Integration proceeds 
to the far end of the girder, step-by-step, using the interation 
procedure described in Section 3*4.2. Thus the generalized displace-
ments and their f i r s t and second derivatives are determined throughout 
the box girder. 
3.4.4 Convergence and Stability 
The numerical solution of the system of differential equations, 
Equations(2.16), can differ from the true solution in two ways. First, 
the numerical solution may not converge In a single step, that is the new 
values of second derivatives may not approach any definite values. 
Second, the numerical solution may converge to definite values in each 
interval, but the computed solution may have a totally different 
character from the true one. The first type of difficulty is a 
failure of convergence and the second type is termed an instability. 
The convergence and stability of the numerical solution 
depends upon the value used for p. For a system with exponential type 
solutions, the criteria for stability and convergence coincide. This 
can be shown by const derations similar to those used In Reference (28). 
The numerical solution converges for all the problems that 
are analyzed using a P of 1/6. Therefore, all the numerical results 
obtained correspond to stable solutions. 
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3.5 Effect of Node Loads 
Only surface forces are considered in the derivation of 
the equations of equilibrium, Equations(2.16). This section intro-
duces in the equations of equilibrium the effect of line loads and 
concentrated loads at the nodes. These loads are either applied 
externally or are exerted by the diaphragms. Transverse moments 
applied linearly along the nodes are not considered. These moments 
arise from loads applied between nodes. They can be easily accounted 
for by introducing their work into Equations(2.16). The work done by a 
transverse moment applied at node 1, when the elementary frame undergoes 
a distortion pattern given by t h(s), is given by the value of the 
transverse moment times the rotation of node i. The rotation of node 
i can be determined from elementary frame analysis using the "STRESS" 
computer program. 
A load applied at a node in any given direction can be 
decomposed into 3 components: one longitudinal component along the 
node line and two transverse components along two different directions 
given by the directions of the members meeting at this node. In 
what follows only one transverse or longitudinal load is considered 
at a time. 
3.5.1 Distributed Node Loads 
Only the generalized load terms are modified in Equations 
(2.16) for a distributed node load. 
For a transverse line load of intensity 6. (z) acting along 
member k, the h — transverse generalized load is equal to the work 
done by the load when the elementary frame undergoes a displacement 
Vn • 1, that Is: 
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An(z) =» 6k(z) • (*h)k h - 1, ...m (3.15) 
th 
where (4 h) k is the value of the h — transverse generalized coordinate 
along member k. 
Similarly, for a longitudinal line load of Intensity X.(z) 
acting along node i, the longitudinal generalized loads are given by; 
TtjU) - X,(z) • (•j), j - 1, ...n (3.16) 
where (•.), is the value of the j — longitudinal generalized coordinate 
at node i. 
3«5«2 Concentrated Node Loads 
A concentrated transverse load T. applied along member k at 
z • z . can be thought of as the limit of a line load of intensity 
6. (z) extending between z . - « and z. + c, e being arbitrarily small: 
'd4* 
T k " 9k(z) dz for all e > o (3.17) 
V 
The transverse generalized loads A. (z) h = 1, ...m corresponding to the 
line load 9. are given by Equations(3>15) 
Substitution of the generalized loads from Equations(3.15) 
into the second set of Equations(2.]6) gives: 
n m 
I dhiUi + rhhVh " Y I shkVk + G" V 2 > <*h>k - ° (3.18) 
1=1 k-1 
h • 1, ... m 
Integrating Equations(3.18) from z . - c and z. + c, taking the limits 
as c goes to zero, using the fact that the generalized displacements 
are continuous and using Equation (3*17) give: 
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*vh * 2d * " W k ' G rhh h - 1 , ...m (3.19) 
Similarly for a longitudinal concentrated load L. applied 
along node i, the following expression holds: 
AUJ = - L.(4 ). / E a J » 1, ...n (3.20) 
i i i i 
where AV. and AU. are sudden changes in V, and U. at z ,. Therefore, 
concentrated loads cause at their point of application a sudden change 
of the f i r s t derivatives of the appropriate generalized displacements. 
Equations (3>I9) and (3-20) are val id for orthogonal 
coordinates. For non-orthogonal coordinates the expressions w i l l be 
more complicated and the solution of simultaneous equations w i l l be 
needed to determine the d iscont inui t ies . 
The derivatives of the generalized displacements are dis-
continuous under the concentrated loads. Similar discont inui t ies occur 
in the slope of a solid beam under a point load when shear deformations 
are considered, and in the axial s t ra in of a column loaded by an inter-
mediate ax ia l load. 
In the numerical integration the ef fect of a concentrated 
load is to change the corresponding f i r s t derivatives abruptly. The 
numerical integration is performed up to the location of the load. After 
convergence, the increment in the f i r s t derivative is introduced. From 
the known values of the generalized displacements and the f i r s t deriva-
tives a new set of second derivatives is determined and the numerical 
integration is continued. 
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3.5.3 Concentrated Loads Exerted by Intermediate Diaphragms 
A diaphragm Induces longitudinal and transverse generalized 
forces that are proportional to the generalized displacements as shown 
in Section 2.8. These forces are concentrated and given by Equations 
(2.30), (2.35) and (2.38) for unit generalized displacements. 
In the numerical integration, the iteration of the last 
step Is performed until convergence. The concentrated forces of the 
diaphragms are computed from the values of the generalized displace-
ments obtained from the last iteration. The increment of the appro-
priate first derivative is applied, a new set of second derivatives is 
computed and the integration continues. 
3.6 Suppression of the Exponentially Growing Solutions 
The closed form solution of the system of differential 
equations (2.10) or $. 16) yields generalized displacement functions of 
the exponential type. For every initial-value problem, some of the 
boundary conditions at the initial end are arbitrarily chosen to be 
linearly independent. Therefore the propagated solution possesses the 
two types of exponential functions, the exponentially growing as welt 
as the exponentially decaying ones. The former lead to larger and larger 
values for the displacements and their derivatives as the numerical 
integration proceeds from the Initial to the far end. Consequently, 
Equations(3.10) become a set of ill-conditioned simultaneous equations 
that yield absurd results because of inherent round-off problems. 
A method described in Reference (29) is used to eliminate the 
exponentially growing solutions. It involves the following steps: 
7̂ 
1. The numerical integration is carried out for the (m + n + 1) 
initial-value problems as explained previously. Integration is stopped 
at a point where any generalized displacement or its first derivative Is 
deemed too large compared to the maximum boundary value at the initial end. 
2. At this point, called a point of suppression, the (m + n t- 1) 
partial solutions are combined to satisfy (m + n + 1) sets of arbitrary 
conditions, one set at a time. 
The arbitrary conditions are imposed on a set of chosen (m + n) 
displacement functions which may be displacements or their first deriva-
tives. These functions are called suppressed functions. These sets of 
arbitrary conditions are chosen to be linearly independent. Each set 
assigns values to the suppressed functions at the point of suppression 
of the same order of magnitude as the initial boundary conditions. 
The combination of the partial solutions is linear for each 
set of imposed conditions at the point of suppression. The suppression 
can be represented algebraically by: 
(3.21) 
m+n 
'. D. . p. . = C. . 
J »i v i »k j,k 
i = l 
j , k = 1, ...m+ n 
m+n 
> D. . p . . -> D. , = C . , 
L J , i * i , nHn4 l j ,m+n+l j ,m+n+l 
1 = 1 
j = 1 , . . . m + n 
where D. . is the value o f the j — suppressed f u n c t i o n a t the po in t of 
suppression obtained from the i — i n i t i a l - v a l u e problem, C. . is the value 
J >k 
assigned to the j — suppressed f unc t i on in the k— set and p . , i s a 
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p r o p o r t i o n a l i t y f a c t o r . The (m i- n + 1 ) — s o l u t i o n is the load s o l u t i o n 
f o r which C. . may be taken as a zero vec to r , 
j , m + n H 1 ' 
Equations (3-21) are solved f o r the f a c t o r s p. . and a new 
' I , K 
set of (m H n + I) i n i t i a l - v a l u e problems are obta ined that conta in much 
less of the growing par t of the s o l u t i o n ; they are given by: 
fin n 
(U. . ) - / (U. . ) . , p . . 
j ,k ' new L j . i ' o l d ' i ,k 
i= l 
rtH n 
j,m+n->rnew ~ L j , i o ld Pi,m+n+l * j ,m+n+1 'o ld (3.22) 
i = l 
j = I , . . .m 
k = 1, . . . rin n 
Here, U. , is the j — long i tud ina l genera l ized displacement o f 
J >K 
the k— i n i t i a l - v a l u e problem and the (m + n + 1 ) — so lu t i on is the load 
s o l u t i o n . Simi lar expressions hold for U ' , V and V ' . 
3. The new (m •>- n + 1) so lu t ions are c a r r i e d through another 
suppression i n t e r v a l , usua l l y a large number of steps of i n t e g r a t i o n , and 
step 2 is appl ied wherever suppression is necessary. 
k. The f i n a l s o l u t i o n is obtained by combining the (m + n •*• I ) 
s o l u t i o n s of the last suppression to s a t i s f y the boundary cond i t ions at 
the f a r end as explained in Section 3-3. 
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4. BEHAVIOR OF SINGLE CELL BOX GIRDERS 
4.1 General 
The study of single cell box girders can be helpful in under-
standing the behavior of multicell box girders. This chapter presents 
analytical results for different types of single cell girders for different 
end conditions and loadings. 
The girders studied are either simply supported at both ends 
or fixed at both ends. The loads considered are applied vertically at 
one node as shown in Figure 15* They are either concentrated or dis-
tributed loads. The"effect of varying the location of a concentrated 
load is investigated. The distributed loads studied are either uniform 
extending over the whole span, or vary as a half sine wave. 
A load of total magnitude P applied at one node, whether 
concentrated or distributed, may be resolved Into a bending load and 
a torsional load as shown in Figure 16. The solution for the bending 
load is given by ordinary beam theory, neglecting shear lag effects. 
The solution for the torsional load involves the deformation of the 
cross-section in its own plane according to the model of Chapters 2 and 
3. To obtain the total effect of a single node load P, the bending 
solution is added to the torsional solution that Is presented in this 
chapter. 
Diaphragms may be introduced at both ends and at intermediate 
points along the span of the girder. The number and location of the 
diaphragms Is varied to assess the influence of diaphragms on the 
behavior of the girder. A compartment is defined as the segment of a 
girder enclosed between two consecutive diaphragms. The number of 
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compartments N is zero when there are no diaphragms, one when only 
end diaphragms are present, two when end and one midspan diaphragms 
are present, and so on. 
The quantities studied are longitudinal axial stress, trans-
verse bending stress, shear stress and deflection. These quantities 
are presented for the torsional load of Fibure 16b in a normalized 
fashion. The normalizing quantities are obtained from one of two 
reference bending loads, Figure 16a. 
The first bending load is a uniformly distributed loading 
of magnitude P/2L applied vertically at each top node and extending 
over the whole simply supported span. The terms o B U, T g u, and q,u are 
the maximum bending stress, the maximum shear stress, and the maximum 
vertical deflection produced by the uniform reference bending loading. 
The second bending load consists of two midspan concentrated 
loads of magnitude P/2 acting on the two top nodes of the simply 
supported girder. The terms aD/., T „ - and 6 are the maximum axial 
DC BC, Bt 
stress, the maximum shear stress and the maximum vertical deflection 
produced by this loading. 
The longitudinal axial stresses and the transverse bending 
stresses induced by the torsional load of Figure 16b are normalized 
with respect too if the load is uniform, and with respect too.. 
bU BC 
if the load is concentrated. The shear stresses induced by the tor-
sional load of Figure 16b are normalized with respect tor... if the 
bu 
load is uniform, and with respect to T if the load Is concentrated. 
The deflections Induced by the torsional load of Figure 16b are normal 
with respect to 6flU If the load is uniform and with respect to 6 If 
the load is concentrated. 
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Several cross-section shapes are studied. A rectangular reinforced 
concrete box girder is analyzed in Section 4.2, a trapezoidal reinforced con-' 
crete box in Section 4.3, a rectangular steel box with stiffeners in Section 
4.4. A parameter study of a square box Is presented in Section 4.5. 
The sign convention used In this investigation for the reported 
quantities follows. 
Vertical deflection is positive downward. 
Longitudinal axial stress and transverse bending stress are 
positive when they are tensile stresses. 
Shear stress Is positive in a plate element when it acts in 
the positive direction in the plate element on a front face. The posi-
tive direction in a plate element is to the right for horizontal plate 
elements and downward for vertical or inclined plate elements. 
4.2 Behavior of a Rectangular Reinforced Concrete Box Girder 
This section presents the variation along the span of stresses 
and deflections induced in the single cell box girder shown in Figure 17a. 
The girder, denoted by IRC, has a rectangular cross-section, a depth of 
8 ft., and a width of 10 ft. The thickness is 6 in. for all plate elements. 
The girder is 100 ft. long. This single cell box girder is representa-
tive of a typical cell of a reinforced concrete multicell box girder 
bridge. The modulus of elasticity is taken as 3,000,000 psi and Poisson's 
ratio as 0.10. 
Stresses and deflections are studied for different torsional 
loads, end conditions, and diaphragm configurations. They are normalized 
as described in Section 4.1. 
Rigid end diaphragms are always present. The thickness of the 
flexible intermediate diaphragms is 6 In. if not specified otherwise. 
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Effects of the diaphragm stiffness on girder behavior and the forces in 
the diaphragms are considered. 
4.2.1 Longitudinal Axial Stress a 
The variation of this stress is linear across any wall of the 
cross-section, and for a torsional load has the same maximum at all four 
corners, with opposite signs at adjacent corners. No net horizontal 
thrust or bending moment is produced by this stress, i.e., it is self-
equilibrating, Figure 18a. In what follows o\ denotes the maximum stress 
at the corner. The variation of o* at node 1 or 4 along the span Is 
shown in Figures 19 to 26 for torsional loads. The stress o Is nor-
malized with respect too for uniform torsional loads and with respect 
ou 
t o o D . for concentrated torsional loads (Section 4.1). 
For simply supported girder under uniform torsional load, Fig-
ure 19, o. is negative, builds up from zero at one end to a maximum of 
0.109?R1. then drops to a relative minimum at midspan when there art only 
end dianhragms. When an intermediate diaphragm is introduced a positive 
peak stress always occurs at the location of the diaphragm. For a midspan 
diaphragm the positive peak stress at the location of the diaphragm Is the 
maximum stress along the span and is larger than the maximum a. for no 
intermediate diaphragms. Several intermediate diaphragms must be used 
to reduce the maximum o\ to the no intermediate diaphragm stress level. 
For a girder loaded by a uniform load at one node, a midspan dia-
phragm reduces the stress at the loaded node but increases the stress at 
the unloaded node. For the girder considered here with a midspan diaphragm, 
the stress at the unloaded node is larger than the stress at the loaded node 
when no intermediate diaphragms are present. This is important in design 
because midspan stress controls design for a simply supported girder. 
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For fixed end girder under uniform torsional load, Figure 20, 
longitudinal axial stresses are induced at both ends because of the con-
straints on the longitudinal displacements. If there are no intermediate 
diaphragms the stress o. Is maximum at the ends, equal to 0.347 o u with 
a positive sign, becomes negative at L/6 and reaches a relative negative 
maximum at midspan. The introduction of a midspan diaphragm reduces the 
positive stress at the ends. But, as in the simply supported case, it 
induces a high positive stress at midspan. However, the midspan stress 
is not so critical because it is less than the end stress and does not 
occur at the critical end section. If more intermediate diaphragms are 
present, the maximum value of a. Is reduced. 
The variation of o along the span Is shown for a simply 
supported girder with concentrated loads at L/2, L/3 and L/6 in Figures 
21 to 23* For no intermediate diaphragms o is maximum directly below 
the load and drops sharply on both sides of the loads to zero at both 
ends. This maximum increases slightly as the load approaches one. end, 
but drops to zero for the load directly at one end. The introduction of 
intermediate diaphragms decreases the maximum stress under the load only 
when the nearest diaphragm Is within a distance of about L/6 from the 
load; the closer this diaphragm the more the peak o is decreased. If 
the diaphragm Is directly below the load, the longitudinal axial stress 
becomes negligible. Table 1 shows the variation of the peak a under a 
midspan concentrated load as two symmetrically placed diaphragms come 
closer to the load, it also shows the peak o for a midspan diaphragm 
and the peak o. for a rigid cross-section. 
For a girder with fixed ends and no intermediate diaphragms 
which is subjected to torsional loads applied at L/2, L/3 or L/6, Figure 
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24, o again peaks directly below the load. This stress is the maximum 
a. for the loads applied at L/2 or L/3 and Is almost equal to the 
maximum stress If the ends were simply supported. End fixity, as for 
uniform loads, induces longitudinal axial stresses at the ends. The 
peak stress at the end becomes larger than the peak stress under the 
load for a concentrated load applied near the support, e.g., at L/6. 
For such a load, the peak stress under the load is significantly smaller 
than the stress that would have existed if the ends were simply supported. 
The introduction of diaphragms, Figures 25 and 26, starts to reduce peak 
stresses under the loads when the nearest diaphragm is within a distance 
of L/6 from the load. The effect on the end axial stresses is important ' 
when the diaphragm is near the end or is close to the loads. For the 
concentrated load applied at L/6 with a diaphragm located at 2L/9 the end 
stress becomes less than the peak stress under the load,'Figure 26.. 
Table 2 shows the maximum longitudinal axial stress in the 
girder with only end diaphragms for different loading and end conditions. 
The important results concerning the longitudinal axial stresses induced 
by torsional loadings are summarized below. 
4.2.1.1 End Diaphragms Only 
(a) For a uniform torsional load the maximum a. occurs 
near the quarter point of the span for simply supported end conditions, 
Figure 19. and at the ends for fixed end conditions, Figure 20. The 
fixed end girder has a much larger maximum c. as shown in Table 2. • 
(b) For concentrated torsional loads maximum o occurs 
directly below the load as shown In Figures 21 to 25, except for a 
load close to a fixed end which produce a maximum o at the fixed end as 
55 
shown in Figure 26. However, end fixity does not seem to affect the 
maximum o. much as shown in Figure 24 and Table 2. 
(c) The peak stress under concentrated torsional loads, as 
the load moves towards the end, increases for simply supported ends and 
decreases for fixed ends as shown in Figure 24 and Table 2. However, 
the peak stress is nearly constant when the load is in the middle half 
of the girder for both simply supported girder and fixed girder. The 
peak stress Is zero for load at the end. 
4.2.1.2 End and Intermediate Diaphragms 
(a) For a simply supported girder with uniform torsional load, 
a single midspan diaphragm increases the maximum o ; several intermediate 
diaphragms are required to reduce a. below the stress level obtained for 
no intermediate diaphragms as shown in Figure 19* 
(b) For a fixed girder with uniform torsional load, the 
introduction of intermediate diaphragms consistently decreases the peak 
stress at the end as shown in Figure 20. 
(c) For torsional concentrated loads, Intermediate diaphragms 
are effective in reducing a when the nearest diaphragm is within a 
distance of L/6 from the load. This is valid for both simply supported 
and fixed girders as shown in Table 1 and Figures 21 to 23 and Figures 
25 to 26. 
4.2.2 Transverse Bending Stress a 
The torsional load of Figure 16b induces transverse moments 
which vary linearly between nodes as shown in Figure 18b. The stresses 
induced by the moments vary linearly through the thickness of the wall. 
In the following discussion the transverse bending stress a denotes the 
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maximum stress that occurs in the extreme fiber at a corner point. The 
stress o_ is normalized with respect to aR.. for uniform torsional loads 
and with respect too., for concentrated torsional loads (Section 4.1). 
The variation of a along the span is studied for different loading and 
end conditions as well as diaphragm spacings. 
For a simply supported or fixed girder under uniform torsional 
loads (see Figures 27 and 28), with end diaphragms only, a builds up 
from zero at both ends to a maximum at midspan. The introduction of 
diaphragms reduces o to negligible amounts at the location of the dia-
phragms and decreases the maximum value of o along the span. The 
reduction of the maximum o is progressive as more Intermediate diaphragms 
are introduced. End fixity decreases o_ appreciably near the support, 
but causes little change at midspan. 
For a simply supported or fixed girder under concentrated 
torsional load (see Figures 29 to 3*0» with end diaphragms only, o 
builds up from zero at both ends to a maximum at or very near to the load 
location. The maximum o_ seems nearly independent of the location of the 
load and of the end conditions for loads applied at a distance greater 
than L/4 from the ends as shown in Figure 32. For a load applied close 
to the end, i.e., L/6 away from the end, the maximum o is slightly 
reduced for a simply supported girder and markedly reduced for a fixed 
end girder as shown In Figure 32 and Table 4. Figures 29 to 31 and 
Figures 33 and 34 show that intermediate diaphragms always reduce o • 
the reduction becomes greater as a load approaches a diaphragm. Dia-
phragms are more effective in reducing the transverse bending stresses 
than the longitudinal axial stresses. Reference to Tables I and 3 shows 
that a is appreciably reduced when two diaphragms, symmetrically placed 
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with respect to a midspan concentrated load, are L/6 away from the load; 
in this case o. is essentially unchanged. 
Table 4 presents a summary of the results obtained for o , 
for no intermediate diaphragms, and for different loading and end 
conditions. The important results concerning the transverse bending 
stress induced by torsional loadings are summarized below. 
4.2.2.1 End Diaphragms Only 
(a) For a uniform load, o_ is zero at both ends and Is 
maximum at midspan. End fixity decreases slightly the maximum o as 
shown in Figures 27 and 28. 
(b) For concentrated loads o is zero at both ends and is 
maximum at or near the load as shown in Figures 29 to 34. This maximum 
stress, for the simply supported girder, first Increases slightly then 
decreases as the load approaches the end. For a fixed girder the 
stress always decreases as shown in Table 4. 
4.2.2.2 Effect of Intermediate Diaphragms 
(a) Diaphragms are effective in reducing a_, the more Inter-
mediate diaphragms the more the reduction, as shown in Figures 27 to 31 
and Figures 33 and 34. 
(b) Diaphragms are more effective in reducing transverse bending 
stress than in reducing longitudinal axial stress as shown in Tables 1 and 
3. 
4.2.3 Shear StressesT. andT 
n V 
The shear stresses discussed here are caused by the torsional 
load. Shear stresses are constant through the width of each plate 
element. Parallel plates have the same shear stress with opposite signs. 
* 
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Therefore, two shear stresses shown In Figure 18c are studied: T. the 
shear stress in horizontal plates and T the shear stress in vertical 
plates. Both of these stresses are normalized with respect to T B U for 
uniform torsional loads and with respect to j a f . for concentrated tor-
sional loads (Section 4.1). The shear stress caused by the bending load 
of Figure 16a is shared equally by the vertical plate elements and is 
assumed constant through their depth. The variation of T R „ , T . along the 
oV BC 
length of the girder is given by elementary beam theory. 
The stresses T, and T are plotted with length in Figures 35 
to 39 for different loading and end conditions with and without inter-
mediate diaphragms. Comparison is made with shear stresses of the rigid 
section determined from the Salnt-Venant theory of torsion. 
For a uniform torsional load, Figure 35, the Saint-Venant shear 
stressesT and T are equal and they vary linearly from 0 at midspan to a 
value of 0.5 T D 1. at the ends. The end conditions have no effect. For 
the same load on a deformable cross-section the shear stresses are 
affected near the ends: T increases while T. decreases. The Increase 
v n 
in T is equal to the decrease in T. as required for external equilibrium. 
The introduction of an intermediate diaphragm affects the shear stress 
distribution at the location of the diaphragm and this effect dies out 
away from the diaphragm. The maximum shear stress T still occurs at the 
end. The maximum shear stress T that occurs at the end increases with 
a midspan diaphragm, then slowly approaches the Saint-Venant shear stress 
as more intermediate diaphragms are added. End conditions have little 
effect; a fixed end girder has slightly larger shear stress T at the end. 
The discontinuities in the shear stress at the location of a 
diaphragm define the diaphragm stresses (Section 4.2.5) 
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For concentrated torsional loads, an abrupt change In shear occurs 
at the load location in the loaded vertical plate element. This change 
is equal to the load applied (Section 3*5). For a torsional load applied 
at midspan, Figure 36, T drops from 1.0 T D r at midspan to 0.45 T at the 
v BL Bl-
ends and T L builds up from 0 to 0.55 T_-. The sum (T + T.) is equal to 
x R C at any point along the span as required for equilibrium. Thus, the 
torsional shear distribution approaches the Saint-Venant shear stress 
of 0.5 T D . near the ends. The end conditions have very little effect. 
As shown in Figure 38a for a torsional load applied at L/6, T and T. 
v n 
become practically equal to the Salnt-Venant shear stress at the far 
end. The stresses T y and T remain quite different from each other and 
from Saint-Venant torsional shear stress at the near end. End fixity, as 
shown in Figure 39 for a load applied at L/6, increases T and decreases 
T.. The maximum shear stress still occurs directly below the load in 
the vertical plates. 
From Figure 36 and 38b it is seen that intermediate diaphragms 
are very effective in distributing the shear stresses equally between 
vertical and horizontal plate elements in the unloaded compartments. In 
the compartment loaded with a midspan load no shear transfer seems to 
occur from the vertical plates to the horizontal plates as shown In 
Figure 36. However, a certain amount of shear transfer takes place in 
the loaded compartment for a load at L/6 and thus the maximum shear stress 
is reduced, Figure 38b. A diaphragm located under the load gives good 
distribution of shear stresses — everywhere nearly equal to Salnt-Venant 
shear stresses as shown in Figures 36, 37» 38a, and 38b. A diaphragm always 
has a beneficial effect in reducing shear stresses induced by concentrated 
loads. 
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Table 5 summarizes the results obtained for the maximum'shear 
stresses in a girder with only end diaphragms. The important results 
concerning the maximum shear stresses induced by torsional loads are 
summarized below: 
4.2.3.1 End Diaphragms Only 
(a) The maximum shear stress always occurs in the vertical 
plates. It occurs at the ends for uniform load and directly under the 
load for concentrated loads as shown in Figures 34 to 39-
(b) End fixity slightly Increases the maximum shear stress 
as shown in Table 5> 
(c) For a concentrated load anywhere along the span, the 
maximum shear stress always occurs below the load. This maximum stress 
is equal to T D . when the load is at midspan, increases to a maximum as 
BC 
the load Is nearer to the end, then drops to T „ C again for the load 
directly over the end support. This is shown in Table 5 and is a 
major design point for girders subjected to high concentrated loads. The 
shear stress can be 50% higher than that determined from elementary 
theory. 
4.2.3.2 Effect of Intermediate Diaphragms 
(a) For a uniform load, a midspan diaphragm Increases the 
shear stress at the support. Several equally spaced diaphragms are 
necessary to decrease the maximum T below the maximum T for only end 
v v ' 
diaphragms, Figure 35. 
(b) For a concentrated load diaphragms are always effective 
in reducing the shear stresses especially In the unloaded compartments, 
Figures 36 and 38b. 
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(c) For effective shear control, diaphragms should be spaced 
more closely in the vicinity of the supports to avoid the high shear 
stresses induced by concentrated loads applled near the ends. 
4.2.4 Deflection 6 T 
The vertical deflection of the vertical plate elements is 
considered here. The box girder is loaded with a torsional load and 
the two vertical plates have the same deflection with opposite signs. 
The deflection as shown in Figure l8d is denoted by &_.. The deflection 
Is normalized with respect to 6_u for uniform torsional loading and with 
respect to 6R. for concentrated torsional loading (Section 4.1). 
In Figures '•O and 4l the variation of the deflection along 
the span is shown for a simply supported girder under uniform and mid-
span concentrated torsional loads. Table 6 presents the maximum deflec-
tions for different end conditions and for uniform and concentrated tor-
sional loads. It also has entries for the bending deflection for the 
load of Figure 16a with and without consideration of the effect of shear 
deformation, and for the torsional deflection when the section is rigid. 
For a girder under torsional loading and for only end diaphragms, 
the deflections in a fixed ended girder is slightly smaller than the 
deflection in a simply supported girder. 
As shown in Figures 40 and 41, intermediate diaphragms are 
effective in reducing the deflections. For a simply supported girder 
under uniform torsional load, two diaphragms at the third points reduce 
the deflection almost to the rigid Saint-Venant torsional deflection and 
are more effective than a single midspan diaphragm. However, for a mid-
span concentrated torsional load, the maximum deflection is much smaller 
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for a single midspan diaphragm than for two diaphragms at the third 
points. For a midspan diaphragm under a concentrated midspan tor-
sional load, the torsional deflection equals the rigid Saint-Venant 
deflection, Table 6. End fixity does not reduce the torsional deflection 
appreciably; it does however decrease the bending deflection, Table 6. 
4.2.5 Stresses in Intermediate Diaphragms 
It is shown above that intermediate diaphragms significantly 
affect the behavior of box girders. The diaphragms act mainly in 
pure shear as explained in Section 2.8. The warping stiffness of the 
diaphragm has been neglected throughout this study after it was found 
to affect only the third significant figure of the results. 
The shear stress in the diaphragm is determined below. It is 
normalized with .respect to TD11 for a uniform torsional load on the 
BU 
girder and with respect to T_. for concentrated torsional load (Section 
4.1). 
For a uniform torsional load, the abrupt change in T at the 
location of a diaphragm defines the shear in the diaphragm. For a 
plate diaphragm having the same thickness as the plate elements, the 
change in T is equal to the shear stress in the diaphragm. This stress 
is about 0.5 T B U for the simply supported girder as shown In Figure 35. 
End fixity does not alter this value much. 
For a concentrated torsional load, the shear stress in the 
diaphragm is also equal to the change in T at the location of the 
diaphragm when the load is not over the diaphragm. The shear stress in 
a diaphragm is maximum when the load Is applied at the diaphragm and is 
essentially equal to T p as is apparent from Figures 36 to 39« 
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4.2.6 Effect of Intermediate Diaphragm Stiffness 
The box IRC is studied with a midspan diaphragm I in. thick. 
The purpose is to show the effect of the diaphragm stiffness on the 
stresses. The box is simply supported and loaded by concentrated loads. 
Figures 42 and 43 show that for a torsional load at L/6, 
a. and a_ are almost unchanged. This is because the diaphragm is far 
from the load. For a load directly over the I inch thick diaphragm at 
midspan, the stresses a. and o_ are larger than for a 6 in. thick 
diaphragm, but still insignificant compared to the stresses in the 
absence of an intermediate diaphragm. For a load at L/2, the shear 
stress is affected slightly as shown in Figure 44. However the flexible 
diaphragm is still quite effective in distributing the shear to the 
girder plate elements. 
Table 7 summarizes the results for rt. , o_, T. and T • It 
L T h v 
can be concluded that the diaphragms stiffening action is Insensitive 
to variations in the stiffness of the diaphragms for the range of 
stiffness values considered here. In practice, concrete diaphragms 
cannot be made less than 3 inches thick and consequently these 
diaphragms can be considered as rigid for all practical purposes. 
4.3 Behavior of a Trapezoidal Reinforced Concrete Box Girder 
In this section, the effect of the shape of the cross-section 
is studied. For this purpose a trapezoidal box girder denoted by ITC 
is studied and compared to the rectangular box of Section 4.2. The box 
girder is 100 ft. long, with a depth of 8 ft., a top flange of 10 ft. and a 
bottom flange of 6 ft. The plate elements are 6 in* thick, Figure 
17b. It is made out of reinforced concrete with E = 3,000,000 and v « 0.1. 
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The variation of stresses and deflections along the span is 
similar to IRC; only the relative magnitudes vary. A comparison between 
the two boxes is made in Table 8 for the longitudinal axial stresses and 
transverse bending stresses for simply supported end conditions. Only 
torsional loads are considered. The thickness of the diaphragms is 6 
inches. 
it is clear from Table 8 that the trapezoidal box girder behaves 
more rigidly than the rectangular girder, i.e., the transverse bending 
stresses are smaller as well as the longitudinal axial stresses. The 
normalizing stresses are obtained for the trapezoidal girder using the 
bending response of the trapezoidal girder as in Section 4.1; and they 
are obtained for the rectangular girder using the bending response of 
the rectangular girder as in Section 4.1. 
4.4 Behavior of a Rectangular Steel Box Girder 
A steel box girder denoted by IRS, of proportions reasonable 
for bridges Is analyzed In this section. The steel has a Young modulus 
of 30,000,000 psi and a Poisson's ratio of 0.30. The girder, shown In 
Figure 17c, is rectangular in shape, 8 ft. deep and 10 ft. wide, has a 
length of 140 ft. The plate elements are 3/8 In. thick. Stiffeners are 
provided to prevent buckling of the plate elements and to increase the 
overall stiffness of the box. The vertical plate elements are stiffened 
transversely every 6 ft. The top flange is stiffened transversely 
by a floor beam every 15 ft., and has longitudinal stiffeners at 2 ft. 
spacing. The bottom flange is unstiffened. Detailed description of the 
stiffeners is presented in Figure I7d. Rigid plate diaphragms are pro-
vided at both ends and the ends are simply supported. The effect of 
intermediate plate diaphragms and cross-bracing is studied. 
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The method of Chapter 2 is compared to the alternative method 
used by Wright (17) for the girder without intermediate diaphragms. 
The behavior of the box is also investigated for intermediate plate 
diaphragms and bracing. The stresses in the braces are discussed. 
4.4.1 Comparison to Alternative Solution 
Comparison is made for a concentrated load of 10 kips applied 
at midspan at node I. In the alternative solution the load is spread 
over a length of 10 inches. The girder has only end diaphragms which 
are assumed to be rigid. 
k 
For purpose of comparison, the first Fourier term of the 10 K. 
concentrated load is used. Table 9 shows the results. The solution 
according to Chapter 2 agrees well with the alternative solution for 
the midspan longitudinal axial stresses, the transverse bending stresses 
and the deflections. The transverse bending stresses are slightly differ-
ent because of the transverse shortening of the plate elements considered 
in the alternative solution. The alternative solution considers a 
parabolic distribution of shear stress across the width of a plate 
element. The average shear stress obtained from the parabolic distri-
bution is very close to the author's constant shear value. 
This agreement between the two solutions shows that the 
torsional moment and the axial elongation of the plate elements can be 
neglected and that the shear stress can be taken as constant in a plate 
element. The simplified model proposed by the author is as adequate 
as the model of Reference (17) for closed section girders. 
The alternative solution uses much less computer time than 
the author's for the first Fourier term. However, the author's solution 
requires no more time for concentrated loads and may be more efficient 
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when a large number of Fourier terms would be required to describe 
the response. 
4.4.2 Approximation of a Concentrated Load by Its First Fourier Term 
The example of Section 4.4.1 is used to study the effect of 
approximating a concentrated load by its f i rs t Fourier term. 
Table 9 shows the stresses and deflections for the total load 
and for Its f i rs t Fourier term, both obtained using the author's method. 
Comparing the two sets of response quantities shows that: 
1. Deflections and transverse bending stresses are slightly 
underestimated by using only the f i rs t Fourier term. 
2. Longitudinal axial stresses are greatly underestimated 
by using only the f i r s t Fourier term. 
3. Shear stresses are not well predicted by using only one 
term in the Fourier analysis. 
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4.4.3 Effect of Intermediate Diaphragms 
This section considers the effect of intermediate diaphragms 
on the behavior of the steel girder under a concentrated load applied 
at midspan at node 1. The load is broken into bending and torsional 
components as shown in Figure 16. Only the torsional component is 
considered here; the bending component is not affected by the diaphragms. 
The stresses and deflections caused by the torsional load are normalized 
with respect to the corresponding stresses and deflections induced by the 
bending load as for the rectangular reinforced concrete box IRC(SectIon 
4.2). 
Several configurations of intermediate diaphragms are considered. 
Two systems of 3/8 in. steel plate diaphragms are studied. The first 
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has 2 diaphragms at the th i rd points and the second has 2 diaphragms 
at 7L/ I8 and I1L/18. Three systems of steel X-braces are studied. 
Each bracing system consists of pairs of braces, each brace being a 
4" x 3" x 5/16" angle with an area of 2.09 inches2 . The X-brace is 
equivalent to a .0347 in. thick plate diaphragm, Equation ( 2 . 3 9 ) . 
Therefore an X-brace is 10.8 times more f l e x i b l e than the plate d ia -
phragm. Bracing system A consists of pairs of braces located at the 
th i rd points, bracing system B consists of pairs of braces located at 
the sixth points and bracing system C consists of pairs of braces 
located at the ninth points of the span. 
The var ia t ion along the span of the result quantit ies is 
s imi lar to IRC and is not presented. Only the maximum values of these 
quantit ies are shown in Table 10. These a l l occur at midspan. 
1. The longitudinal axial stress is maximum in the bottom 
f lange. Intermediate diaphragms af fect the longitudinal axial stress 
when the nearest diaphragm is within a distance of L/6 from the load, 
and then the closer the nearest diaphragm the more the reduction. The 
reduction is s l ight ly affected by the s t i f fness or number of intermediate 
diaphragms. 
2. The transverse bending stresses for only end diaphragms 
are large. The maximum a T occurs in the top node of the webs, occurs 
in the s t i f feners , and is equal to 4.27 o B C . The same transverse bending 
moment occurs in both top flange and webs but the webs have a smaller 
section modulus. These stresses are computed for "smeared" s t i f f e n e r s . 
I t is expected that with close st i f fener spacing, the resultant curva-
tures are approximately correct . Actual stresses would be computed 
taking account of the actual form of the st ructure . 
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Intermediate diaphragms greatly reduce the transverse bending 
stresses. Even the very flexible bracing at the third points reduces 
cr_ from 4.27 T R C to 1.272 c . The closer the diaphragms to the load 
the more the reduction. Both bracing systems B and C reduce maximum 
er_ to almost the same value although C has more X-braces. This is 
because system B has an X-brace directly below the load at midspan. 
3. The shear stress T has a maximum of T _ . directly below 
V BL 
the load at midspan. Intermediate diaphragms do not decrease the 
maximum shear stress T unless the diaphragm is under the load. The 
stiffness of the diaphragm does affect the shear stress. For bracing 
B the maximum T is 0.63 T_- while for a plate diaphragm it would have 
been much closer to 0.50 T _ C . 
4. The deflection 6_ Is reduced by intermediate diaphragms. 
The stiffness of the diaphragms slightly affects the deflection. The 
closer the nearest diaphragm Is to the load, the smaller is the deflection. 
4.4.4 Stresses in Braces 
Table II shows the stresses in the braces for the cross-
bracing systems A, B and C. The stress in a brace can be high compared 
to the buckling stress and this stress increases the closer the load 
is to the brace. The X-brace closest to a load takes the largest pro-
portion of the stresses while the other X-braces are slightly stressed. 
4.5 Parameter Study for a Square Box 
A parameter study is presented for square box girders with 
uniform plate thickness and ends simply supported. The structure has a 
length L, a depth d, and a uniform plate thickness t. The girder is 
loaded by a uniform torsional load of Figure 16b. The box girder is 
studied with and without end and equally spaced intermediate diaphragms. 
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Young's modulus Is 30,000,000 psi and shear modulus Is 11,000,000 psl, 
i.e., v = 0.36. 
The study uses the closed form solution mentioned In Section 
2.8.1 because of its simplicity for a square single cell box girder. 
A detailed development is not presented herein as it follows directly 
from Reference (1) pp. 231-244. The initial unknown parameters are 
determined from the far end boundary conditions, and the generalized 
displacements are determined throughout the girder. All diaphragms are 
assumed completely rigid and the transverse bI moments exerted by the 
diaphragms are found by assuming the transverse distortion of the 
cross-section equal to zero at the location of the diaphragms. This 
assumption is in agreement with the fact that the transverse bending 
stresses are negligible at the location of a diaphragm as shown in 
Figure 27. 
The solution of the initial unknown parameters is determined 
from a system of simultaneous equations that express the boundary 
conditions at the far end. This system becomes very ill-conditioned 
d3 
for - = — < .0125, which means physically that there Is little inter-
L^t 
action between the two ends as In a "long" beam on an elastic foundation. 
The solution Is modified by neglecting the far end boundary conditions as 
done In a long beam on elastic foundations and In the bending solution 
of cylinders. This corresponds to the use of the suppression technique 
In the numerical solution. 
The result quantities presented Include the longitudinal axial 
stress, the transverse bending stress, the shear stress and the deflec-
tion. The longitudinal axial stress and the transverse bending stress 
are normalized with respect to oR||, the shear stress with respect to T M I 
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and the deflection with respect to 6 .. (Section 4.1). The variation of 
these quantities along the span is similar to the variation presented 
for the rectangular concrete box (Section 4.2) and is not presented here. 
However, summary plots are given that show the maximum values attained 
by the response quantities for different beam proportions and numbers 
of compartments N . 
From dimensional analysts, single ceil girders with the same 
L/d and d/t ratios give the same normalized result quantities. The 
parameter study is made for different L/d and d/t ratios, but it is 
3 2 
presented for different H • d /L t ratios in Figures 46 to 49. The 
C 
response quantities of any two girders with the same H parameter but 
with different L/d and d/t ratios are the same for all practical pur-
poses. This is shown in Figure 45 for the longitudinal axial stresses 
for H " 0 . 2 . The average curve is used for a given H in Figures 46 
to 49. 
4.5.1 No End or Intermediate Diaphragm 
For a girder without diaphragms, the longitudinal axial stress 
a. is zero throughout the span, Figure 46. The transverse bending stress 
aj Is constant throughout the girder and Is proportional to H , Figure 
47* The stress 0. can be quite large for large H • The shear stress 
Is equal to the Saint-Venant shear stress of 0.5 T O I I and is independent 
BU 
of H , Figure 48. The deflection 5T increases with H and can become 
C I c 
quite large, Figure 49. 
4.5.2 End Diaphragms Only 
End diaphragms are used to reduce the transverse bending stress 
and deflection. However, longitudinal axial stresses are induced which 
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shows the coupling of warping and transverse distortion of the cross-
section. At the same time the shear stress T is increased. 
For H > 0.4 the maximum longitudinal axial stress always 
c 
occurs at midspan. As H becomes smaller the maximum stress location 
moves closer and closer to the ends. The maximum longitudinal axial 
stress increases with H and can become quite large as shown in Figure 
46. 
From Figure 47, the transverse bending stress is reduced 
appreciably for H > 0.4, but is practically unchanged for H < 0.4. 
End diaphragms are more effective for flexible sections where they are 
needed most, i.e., the higher range of H . 
The shear stress T is increased and this increase is larger 
the larger is H , as shown in Figure 48. 
End diaphragms reduce the deflections markedly as shown in 
Figure 49. 
4.5.3 End and Midspan Diaphragms 
The addition of a midspan diaphragm to a girder with end 
diaphragms is now analyzed. 
The longitudinal axial stress c has its maximum always at 
midspan. The maximum longitudinal axial stress is decreased for H > 0.4, 
is constant for H • 0.4 and Is Increased for H < 0.4 as shown in 
c c 
Figure 46. A midspan diaphragm Is effective where needed the most, i.e., 
in the large H_ range. However, o. seems never to exceed 0.5 o . 
C L DU 
The maximum transverse bending stress is reduced further by 
introducing a midspan diaphragm and seems never to exceed 0.3 crDII as 
BU 
shown in Figure 47. 
k 
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The maximum shear stress decreases for H > .4, and increases 
for H < 0.4 as shown in Figure 48 after introducing a midspan diaphragm, c 
The deflection becomes much smaller for all proportions when a 
midspan diaphragm is used as shown in Figure 49* 
4.5.4 End and More Than One Intermediate Diaphragms-
The effect of introducing two Intermediate diaphragms is to 
reduce a,, a-, and 6_ for all values of H as shown In Figures 46 to 49* 
The stresses a. and o. are less than 0.2 a R U, and the deflection 6 is 
practically the rigid section deflection. The maximum shear stress is 
not changed appreciably, and remains practically constant for H less 
c 
than 0.4. The stress T does not exceed 0.64 T Q 1. as shown in Figure 48. 
V BU 
Further introduction of diaphragms reduces the stresses and 
deflections progressively but insignificantly. Two equally spaced 
intermediate diaphragms besides the end diaphragms is the optimum 
diaphragm configuration for uniformly distributed loading. 
4.5.5- Effect of Polsson's Ratio 
The parameter study presented here applies for v - 0.36 and is 
valid for steel box girders. By changing v to 0.10 for a girder with 
L/d • 10 and d/t = 20 the normalized stresses are affected In the 
third significant figure while the normalized deflections are not 
decreased more than 20%. Consequently, the effect of v is negligible. 
Therefore the results can be used for girders with reinforced concrete 
girders proportions, I.e., for H < .20. 
f 
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5. BEHAVIOR OF MULTICELL BOX GIRDERS UNDER 
CONCENTRATED LOADS AT MIDSPAN 
5.1 General 
This chapter presents the analytical results for multlcall 
box girders. The girders are simply supported at both ends and possess 
rigid end diaphragms. They are loaded by vertical concentrated node 
loads located at midspan. Concentrated loads are representative of 
k 
wheel load effects on a highway bridge. 
The effect of introducing intermediate diaphragms is investigated. 
No attempt is made to present the resultant quantities as 
functions of parameters, although the method developed in this work is 
appropriate for such a parameter study. The purpose of this chapter 
Is to present the behavior of several multlcell box girder bridges, 
mainly those of proportions consistent with reinforced concrete con-
struction, and to assess current design methods. Section 5*7 presents 
response quantities for several multicell box girders loaded by con-
centrated node loads at midspan. Comparison of the author's method with 
the alternative method (17) is also presented for a composite bridge. 
Section 5*3 studies the longitudinal bending moment distribution of axle 
loads. In this section the importance of the transverse bending stresses 
for design purposes is also assessed. In addition, a design method is 
proposed. 
5.2 Behavior of Multlcell Box Girders under Concentrated Node Loads at 
Midspan 
5.2.1 Multlcell Reinforced Concrete Girders 
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Ik 
Three reinforced concrete girders are studied here under mid-
span concentrated node loads. The girders are shown in Figure 50a, b, c. 
They are 100 ft. long and 8 ft. deep. Their plate elements are 6 in. 
thick. The girder 2RC consists of two similar cells with a total width 
of 20 ft. The girder 3RC consists of three similar cells with a total 
width of 30 ft. The girder 2RPC Is similar to 3RC except that the 
middle plate element of the bottom flange is deleted to give a hybrid 
open-closed section. The three girders discussed here would ordinarily 
have deck overhangs on both sides, but these are not considered here. 
Girder 2RC Is suitable for 2 lanes of traffic while 3RC and 3RPC are 
suitable for 3 lanes of traffic. 
Flexible reinforced concrete plate diaphragms are introduced 
at intermediate points along the span. The plate disphragms are 6 in. 
thick. The analytic treatment of the plate diaphragms follows Section 
2.8. For the open-closed girder 2RPC the 6 in. plate diaphragm is replaced 
by six braces, each brace with a cross-sectional area determined from 
Equation 2.39« This approximation seems justified because variations in 
the stiffness of the diaphragms does not affect the results strongly 
(cf. Sections 4.2.6 and 4.4.3). 
Girders and diaphragms are made of the same reinforced con-
crete with E =» 3.000,000 psi and v = 0.1. 
The orthogonal coordinates used in the analysis are shown for 
2RC In Figure 51. The generalized transverse coordinates were chosen at 
the outset while the generalized longitudinal coordinates were obtained 
by orthogonalization as described in Section 3.1. The similar orthogonal 
coordinates for 3RC and 2RPC are not shown. 
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For each box girder two midspan loadings are considered: a 
concentrated vertical load over an exterior web and a concentrated 
vertical load over an interior web. From the two loadings, the response 
of the box girder can be determined easily for any midspan vertical node 
loading. This section presents the response of the girder for the total 
node load, i.e., the load is not broken into torsional and bending com-
ponents as done in Chapter 4. The response quantities considered are the 
longitudinal axial stress, the transverse bending stress, the shear stres* 
and the vertical deflection. Their variation along the span is considered. 
The lateral distribution of loads is also discussed. 
I. The longitudinal axial stress a is normalized with 
respect to the average maximum bending stress at midspan. The average 
bending stress at midspan CT.. is given by the total longitudinal bending 
moment at midspan divided by the section modulus of the bridge. 
The variation along the span for the longitudinal axial stress 
in girder 2RC, loaded by a vertical midspan concentrated load a the 
exterior node and stiffened only by end diaphragms, Is shown in Figure 
52. The stress in both ends of a vertical web is the same but with 
opposite sign. The stress in the various flanges is practically the 
same for sections in the end thirds of the span, which implies complete 
distribution. The stress at the loaded node increases rapidly in the 
middle third of the span to a peak of 1.97 oR_ while the stresses in the 
unloaded nodes increase much less. 
Similar graphs can be plotted for the second load and for the 
other girders. Instead, Tables 12 to 14 are presented giving the node 
stresses at midspan for the three girders and for the two loading cases. 
The effect of introducing diaphragms Is also shown. In the same Tables 
an entry denoted "rigid" gives the longitudinal axial stresses assuming 
76 
the cross-section to be rigid in its own plana. The rigid section stresses 
are computed using Reference (6). 
Several points can be made by studying Tables 12 to 14: 
(a) When there are no intermediate diaphragms, the maximum 
stress occurs in the loaded web. 
(b) When there are no intermediate diaphragms, higher stresses 
are induced in 3RC and 2RPC than in 2RC. The girders 3RC and 2RPC have 
practically the same maximum stresses. 
(c) The maximum stress in any girder occurs In the exterior 
web except for 2RPC where the maximum stress occurs In the interior 
web but is still very close to the maximum exterior web stress. 
(d) The Introduction of diaphragms is more effective in 
reducing the stresses the closer they are to the load. A midspan dia-
phragm below the load reduces the stresses almost to the rigid section 
stresses. 
2. The transverse bending stress o_ is normalized with 
respect to the average maximum bending stress at midspan. The variation 
along the span is shown In Figure 53 for 2RC loaded at the exterior web 
for the girder with no intermediate diaphragms. Five curves are shown 
for the different member end stresses. The stresses increase from zero 
at one end to a maximum at midspan. The maximum transverse bending 
stress occurs in the ends of the interior web. 
Similar graphs can be plotted for the second load and for the 
other girders. Instead Tables 15 to 17 are presented giving the maximum 
stresses at the endsof the members at midspan for the three girders and 
for the two loading cases. The effect of Introducing diaphragms Is also 
shown. The rigid section transverse bendrng stresses are zero and are 
shown under the entry "rigid" for completeness. 
77 
« 
Several points can be made concerning transverse bending stresses; 
(a) For no intermediate diaphragms the maximum stress occurs 
at the top of an interior web when the exterior web is loaded, and In the 
top flange of the box girder when an interior web Is loaded. 
(b) Higher maximum transverse bending stresses are induced 
In the girders for loads applied over the exterior webs. 
(c) Higher maximum transverse bending stresses are induced in 
wider multicell girders because more eccentric loads can be applied. 
(d) The introduction of diaphragms is quite effective in 
reducing the transverse bending stresses. The closer the two diaphragms 
are to the load the greater is the reduction. Diaphragms are more 
effective in reducing the transverse bending stress than the longitudinal 
axial stress. A midspan diaphragm under the load reduces the transverse 
bending stresses practically to zero. 
3* The shear stresses are normalized with respect to the 
average shear stress at the end. The average shear stress T R . at the 
end is given by dividing, the total longitudinal vertical shear at the 
end equally between the webs and assuming uniform distribution of shear 
stress. 
For a concentrated load at midspan, the shear stress is maximum 
in the loaded web at midspan, and directly below the load the total shear 
in the loaded web changes by an amount equal to the load. The introduction 
of an intermediate diaphragm is very effective In distributing the load 
to the other elements of the girder in the unloaded compartments. This 
will be shown for 3RC under an edge load. For better understanding of 
the behavior, the load is divided into two components as shown in Figure 
54. Load (a) is essentially a bending load and Load (b) is a torsional 
load. 
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The shear stresses caused by the bending load 54a are plotted 
in Figure 55- Only the webs have shear stress in them. The exterior 
webs that are loaded carry most of the shear, but in a sufficient dis-
tance they do transfer some of their load to the interior webs. The 
introduction of two diaphragms symmetrical with respect to midspan is 
very effective in transmitting shear stress from the exterior webs to the 
interior webs which become slightly more loaded than the exterior webs. 
This is valid only in the unloaded compartment. Not much change occurs 
in the loaded compartment however. For a midspan diaphragm the shear 
stress is almost taken equally between all webs and equals T D_. 
Bt 
The shear stresses caused by the torsional load 54b are plotted 
in Figure 56. Vertical and horizontal plate elements take the torsional 
load in shear. The shear stress is maximum at midspan in the loaded 
webs but decreases gradually towards the ends as the shear stress is 
distributed to the other elements. The shear stress distribution at the 
end becomes close to the Saint-Venant shear distribution shown in Figure 
57* The introduction of two diaphragms placed symmetrically with respect 
to midspan produces almost the Saint-Venant shear distribution over the 
whole unloaded compartments. Again, not much distribution occurs in the 
loaded compartment. 
The shear stress distribution is similar in 2RC and 2RPC. 
Figure 57 shows that the shear stress distribution at the end with two 
intermediate diaphragms becomes close to the Saint-Venant shear stress 
distribution for 2RC, 2RPC and 3RC. 
4. The vertical deflections are normalized with respect to 
maximum pure bending deflections 6 . The deflect ion 6n. is given by 
Bv. BC 
the usual expression PL /48EI where P is the total concentrated load 
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applied at midspan and I the moment of inertia of the bridge. The vertical 
deflections of the nodes are shown in Figures 58 to 60 for different node 
loads, for only end diaphragms, for end and midspan diaphragms and for 
end and two intermediate diaphragms at 7L/18 and IIL/18. 
Several conclusions can be drawn from Figures 58 to 60: 
(a) For any girder, the deflections are larger for loads 
applied at the exterior webs. 
(b) The deflection at the node is maximum when the node is 
directly loaded. 
(c) The deflections are larger for 2RPC and 3RC than for 
2RC. 
(d) The''introduction of two diaphragms at 7L/I8 and IIL/18 
reduces the maximum deflection almost as effectively as a single mid-
span diaphragm. 
5- The lateral distribution of node loads to the beam ele-
ments that constitute the multicell box girder is studied here. Each 
beam element consists of a web with top and bottom flanges extending on 
both sides of the web to mid-distance between webs. Thus, 3RC is 
divided into two interior I-beams and two exterior [ -beams. Each beam 
as defined above takes some fraction of the total longitudinal bending 
moment. The distribution of the longitudinal bending moment to the 
different beam elements is the criterion of the lateral distribution of 
loads. 
The longitudinal bending moment In a beam element is deter-
mined about the center of gravity of the whole cross-section of the bridge, 
from the known longitudinal axial stresses. The longitudinal bending 
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moments are given in Tables 18 and 19 for exterior and interior beam 
elements of the three girders for different diaphragm configurations 
and for different midspan concentrated node load locations. The 
longitudinal bending moments are normalized with respect to the total 
moment at midspan in the multicell bridge, and consequently the values 
given in Tables 18 and 19 are also wheel load factors as used in AASHO 
Specifications(2l). 
Examination of Tables 18 and 19 leads to the following 
conclusions: 
1. For only end diaphragms, the maximum moment occurs in 
the loaded beam elements. As the load moves away from the beam ele-
ment the moment gradually decreases in that beam element. 
2. The introduction of diaphragms is effective in Improving 
the lateral load distribution. A midspan diaphragm is most effective 
as the lateral distribution of loads becomes almost complete. 
5*2.2 Composite Girder - A Comparison With the Alternative Method 
k 
A composite girder with open-closed section Is studied briefly. 
The purpose is to show the wide range of applicability of the author's 
solution as well as to present a comparison with the alternative solu-
t ion. 
The composite girder is shown in Figure 50d. It is denoted by 
2TPCS and has length of 100 ft. It consists of two separate trapezoidal 
steel girders 61.5 in. deep supporting a reinforced concrete slab 7 In-
thick and 25 ft. wide. Each trapezoidal steel girder has a bottom flange 
80 in. wide by 9/16 in. thick, and a 3/8 In. thick web. Webs and bottom 
flange are stiffened every 50 in. with 3/8 in. x 6 in. plate stiffeners. 
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The materials properties are: 
for steel E = 30,000,000 v = 0.3 
for reinforced concrete E = 3,000,000 v = 0.1 
The box girder is studied under a 10 k.mldspan concentrated load 
located over the exterior web or the interior web. The first Fourier 
term of the load is used for comparison. The girder possesses only end 
diaphragms. 
The comparison is presented in table form for the longitudinal 
axial stress, transverse bending stress and deflection at midspan in 
Tables 20 to 22. 
The values compare very well for all quantities as apparent 
from Tables 20 to 22. The transverse bending stresses differ slightly 
because of the transverse extensibility of the alternative model. The 
alternative method by allowing transverse deformations gives a more 
flexible structure with slightly larger deflections than the author's 
method. 
The d i f f e rence in t ransverse bending s t r ess at node 6, f o r 
locat ions 6a and 6b, is due to the d i f f e rence in sec t ion moduli as 
determined from Appendix A. 
5-3 Behavior of M u l t i c e l l Reinforced Concrete Box Girders under Axle 
Loads at Midspan 
In t h i s s e c t i o n , the three re in fo rced concrete box g i rde rs 
are loaded by axle loads a t midspan. The l a t e r a l d i s t r i b u t i o n of loads 
is assessed. The t ransverse bending moments are compared t o the slab 
moments proposed by AASHO Spec i f i ca t i ons (1961). 
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5.3.1 Axle Load Configuration 
The axle load configuration of the AASHO Specifications (21) 
is used. One axle per lane is considered to be located at midspan. The 
bridges are designed for the number of lanes specified by AASHO 
Specifications: 2RC is designed for 2 lanes, 3RC and 2RPC for three lanes. 
In strict conformity to AASHO Specification 3RC and 2RPCmust be designed 
for 2 lanes. But deck overhangs usually are present on both sides and the 
roadway width is larger so it is reasonable to study 3RC and 2RPC for 
three lanes. The transverse location of the wheel loads at midspan to 
give maximum moments in interior and exterior beams is shown In Figure 
61. For 3RC and 2RPC, the two-lane configuration also is shown. 
5-3.2 Lateral Distribution of Loads 
The lateral distribution of loads is presented in Table 23 
for both the exterior and interior beams of the three reinforced concrete 
multicell bridges for different diaphragm configurations. This table 
gives the maximum proportion of a wheel load that goes to the different 
beams, i.e., gives the wheel load factors. These factors are determined 
from Tables 18 and 19 and the truck load configurations of Figure 61. 
A wheel load between nodes is distributed to the two adjacent nodes as if 
the slab is simply supported at those two nodes. Its influence coefficient 
Is obtained by interpolating linearly with distance the influence co-
efficients of the two adjacent nodes given by Tables 18 and 19. It is 
equivalent to assuming that the midspan moment influence line for a beam 
element is linear between nodes. 
Table 23 also gives the wheel load factors for complete lateral 
distribution. The complete distribution of a wheel load occurs when each 
beam element takes a longitudinal moment proportional to its moment of 
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inertia, that is when the stress is uniform In the top plate elements 
and uniform in the bottom plate elements. 
The study of the values presented in Table 23 shows that: 
1. The interior beams are more heavily loaded than the 
exterior beams. 
2. The load Is quite uniform transversely, so the lateral 
distribution of loads is good, even for no intermediate diaphragms. 
3. The more uniform the load, the better the lateral dis-
tribution. The distribution for 3 lanes is better than for 2 lanes. 
**. The introduction of Intermediate diaphragms improves the 
distribution in all cases. The distribution does not deteriorate by 
adding a midspan diaphragm as for results obtained for I-beam bridges 
(30). 
5« Intermediate diaphragms are more effective when closer 
to the load. A midspan diaphragm does give the best distribution. 
6. The wheel load factors for exterior and interior beams 
with only end diaphragms is no larger than l.08»times the wheel load 
factor for complete distribution and for the number of lanes proposed by 
the AASHO Specifications (1961). 
7» Although intermediate diaphragms improve the distribution, 
their introduction is not important as the lateral distribution in the 
multicell girders is quite good to start with. 
5-3.3 Transverse Bending Stresses 
The magnitude of the transverse bending stresses in 2RC created 
by loads at the nodes is compared to the magnitude of the stresses induced 
in the top slab under a wheel load halfway between nodes. 
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The maximum moment under the load is given by AASHO to be 
equal to: 
<"«>.« - °-8 i T2 - 2 i P <S.I) 
where H L is the transverse moment in the slab under the wheel load P, ot x 
and where S is the distance between nodes. The factor 0.8 is a con-
tinuity factor. 
The maximum stress in the slab under the load is given by: 
(o J = 6M /t2 (5.2) 
v ot'max ot y ' 
The maximum transverse bending stress induced in 2RC under 
axle loading can be estimated by the maximum stress in the ends of the 
interior web caused by an isolated load P vertically applied at the 
exterior top node 
(o-_) = 2.02 f ~ (5.3) 
% T'max 4Sm x ' 
where Sm is the section modulus of the whole bridge and 2.02 is obtained 
from Table 15. 
The ratio b-) / b ) obtained from Equations (5«0» 
* T'max x ot'max ^ y ' 
(5.2), and (5-3) by replacing the specified quantities by their values for 
2RC is only .073. The transverse bending stresses due to node loads are 
secondary compared to the slab stresses in bridges of the proportions 
studied here. 
5.3.4 Design Recommendations 
The design of multicell box girders needs considerable investi-
gation. However, from the results of this brief study, Sections 5-3.2 
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The maximum moment under the load is given by AASHO to be 
equal to: 
(M J - 0.8 tS * 2 ) p (5.1) 
x ot'max 32 x ' 
where M ^ Is the transverse moment in the slab under the wheel load P, 
ot r 
and where S is the distance between nodes. The factor 0.8 Is a con-
tinuity factor. 
The maximum stress in the slab under the load Is given by: 
b J - 6M /t2 (5.2) 
^ot max ot * ' 
The maximum transverse bending stress induced In 2RC under 
axle loading can be estimated by the maximum stress in the ends of the 
interior web caused by an isolated load P vertically applied at the 
exterior top node 
(Vinax- 2- 0 2^ ^.3) 
where Sm is the section modulus of the whole bridge and 2.02 is obtained 
from Table 15. 
The rat io b_) / b ) obtained from Equations (5«0» r T'max * ot max ^ x ' 
(5>2), and (5.3) by replacing the specified quantit ies by their values for 
2RC Is only .073* The transverse bending stresses due to node loads are 
secondary compared to the slab stresses in bridges of the proportions 
studied here. 
5.3.1* Design Recommendations 
The design of mult icel l box girders needs considerable invest i -
gation. However, from the results of th is br ief study, Sections 5-3.2 
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and 5-3.3, the following simple recommendations can be proposed for 
mul t ice l l box girders of reinforced concrete proportions: 
1. The stress d ist r ibut ion caused by truck loads in a l l 
lanes of a mult icel l box girder is good without intermediate diaphragms. 
The addition of intermediate diaphragms would appear to be required 
k 
only for less uniform design loading conditions. 
2. The transverse bending stresses Induced by node loads 
are re la t ive ly small. However, transverse bending stresses occur in 
the webs and bottom slab as well as the deck slab. The present AASHO 
Specifications does not provide for any transverse reinforcement in 
the webs. I t is f e l t that the webs should be reinforced to possess 
about 10% of the transverse f lexural capacity of the deck slab. 
3- The AASHO dist r ibut ion formulas need some improvement. 
Design of mult icel l box girders can be made using improved wheel dis-
t r ibut ion factors. The following scheme is proposed. 
The design moment of a beam element is obtained from 
' B 
MB = C fil ' M (5,/f) 
where M is the total design moment in the bridge, I. is the moment of 
D 
iner t ia of the beam element, El is the moment of Inert ia of the whole 
B 
section and c is a d istr ibut ion factor. 
The factor c depends upon structural proportions, the design 
load configuration and whether the beam element is exterior or in te r io r . 
A parameter study is necessary to determine the var ia t ion of c. For 
the mul t ice l l bridges studied here c is less than 1.10, for exterior 
and inter ior beams using the AASHO axle conf igura t lon , i . e . , 2 lanes for 
2RC and 3 lanes for 2RPC and 3RC. 
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6 . SUMMARY AND CONCLUSIONS 
6.1 Summary 
Vlasov's generalized coordinates method is extended to consider 
multicell composite box girders with intermediate diaphragms and with 
transverse or longitudinal stiffeners. The resulting system of 
linear differential equations is solved numerically. Two features of 
the numerical solution in Chapter 3 are the orthogonalization of the 
generalized coordinates and the suppression of the exponentially grow-
ing solutions. Results are presented for different types of single 
cell box girders, and a parameter study Is given in Chapter 4 for a 
single cell square box under uniform torsional load. Results also 
are presented for several multicell box girders under node and truck 
loads and design recommendations are discussed in Chapter 5-
The effect of introducing diaphragms is studied extensively. 
The number and location of diaphragms are varied and the effect of their 
stiffness is investigated in Chapters 4 and 5. 
Comparison of the solution proposed here to an alternative 
solution (17) is made for a single cell steel box girder and for a multl-
cell composite box girder in Chapters 4 and 5. 
6.2 Conclusions 
The method presented in this work is a powerful method for 
studying many types of multicell box girders. It is also a general 
method in that it considers all the important factors that play a role 
in the response of closed section structures, i.e., transverse distor-
tion of the cross-section, warping of the cross-section and shear defor-
mations. 
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The transverse distortion of the cross-section induces trans-
verse bending stresses that affect the longitudinal axial stresses. 
Distortion leads to high axial warping stresses and transverse bending 
stresses. Diaphragms may be introduced to alleviate these problems. 
The analysis and design of box girders often should consider transverse 
bending stresses and its effect on longitudinal axial stresses. The trans-
verse distortion Is more important for structure with high ratio of 
live load to dead load, with more eccentric loads, and for structures 
that are thin and short. Detailed conclusions are made in Chapters 
4 and 5> They are summarized below. 
6.2.1 Single Cell Under Uniform Torsional Load 
1. For a simply supported girder with end diaphragms only, 
the longitudinal axial stress a., the transverse bending stress o*_, 
and the deflection t>j arc maximum near or at midspan and the shear stress 
T is maximum at the end. 
2. If the ends are fixed, the longitudinal axial stress can 
become a maximum at the ends. The shear stress T IS increased at the 
v 
ends, and the transverse bending stress is decreased. 
3. For a simply supported square box girder with only end 
diaphragms all the maximum stresses and deflections Increase with the 
parameter H -in general. 
4. Intermediate diaphragms generally are effective in reducing 
stresses and deflections. Two diaphragms at the third points reduce 
stresses and deflections to small values. The larger H the more 
effective are the diaphragms. For small H the Introduction of a mid-
span diaphragm decreases er_ and 6 but increases o. and T and there-
fore a midspan diaphragm is to be avoided for girder with small H values. 
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6.2.2 Single Cell Under Concentrated Torsional Load 
1. For a simply supported girder with only end diaphragms 
the stresses and deflections all have their peak directly below the 
load or very close to it. 
2. For a simply supported girder the longitudinal axial 
stresses and the maximum transverse bending stresses occur when the 
load is at midspan or very close to it. The shear stress Is maximum 
when the load is close the the end but not at the end. 
3. End fixity does influence the response quantities when 
the load is near the end. Longitudinal axial stresses are produced 
at the end and become higher as the load approaches the end. Eventually, 
the end stresses may exceed the peak under the load. The end stresses • 
must, of course, drop to zero when the load is at the end. The trans-
verse bending stresses are decreased for loads close to the ends. The 
shear stress T is increased for loads close to the end. 
v 
4. The introduction of Intermediate diaphragms is effective 
in reducing a and £_. The longitudinal axial stress is decreased when 
the nearest diaphragm is close to the load. A diaphragm located below 
the load reduces the distortion of the cross-section almost to zero. 
5. The stiffening action of diaphragms is insensitive to 
practical variations in the stiffness of the diaphragms. 
6.2.3 Simply Supported Reinforced Concrete Multicell Box Girders 
Under Concentrated Node Loads at Midspan 
1. The maximum stresses and deflections occur at midspan. 
The maximum normalized longitudinal and transverse stresses are larger for 
multicell girders than single cell girders. 
2. The maximum longitudinal axial stress occurs in the exterior 
beam elements in general. 
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3> The introduction of intermediate diaphragms is effective 
in reducing the stresses and deflections. The closer the diaphragms to 
the load, the greater is the reduction. 
6.2.4 Simply Supported Reinforced Concrete Multlcell Box Girders 
Under Axle Loads at Midspan 
1. Although substantial longitudinal axial stresses are 
caused by torsional loadings on multicell girders, these stresses are 
not critical in design. This is mainly due to the low ratio of live to 
dead load in bridges and to the small eccentricity of standard design 
loads. 
2. Multicell girders under standard truck loads give good 
lateral distribution of loads even for only end diaphragms. 
3. Transverse bending stresses are small compared to the 
slab transverse stresses. However, the webs should be transversely 
reinforced to give about 10% of the deck flexural resistance. 
6.3 Recommendations for Further Studies 
Although this investigation shows the transverse bending 
stresses to be of little significance and that good lateral distribu-
tion exists for standard loading, an economical and safe design method 
still should be developed for multicell reinforced concrete bridges. 
Therefore a parameter study is recommended to determine the variation 
of the distribution coefficient c of Section 5-3.4. 
The present analysis can be used to perform a parameter study 
of a single box under*a midspan concentrated torsional load similar to 
Section 4.5. It can also be extended to account for moments at the 
nodes. It easily can be extended to study multlcell box girders continuous 
over several supports. 
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An Interesting extension is the study of curved box girders. 
In curved box girders higher torsional loads are expected and the 
distortion of the cross-section will probably play a more important 
role. In such a case, the stiffening action of diaphragms could be 
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TABLE 3 
Effect of Diaphragm Location on o_ at Midspan. 
Simply Supported Girder IRC under Concentrated 
Torsional Load at Midspan. 




























Effect of Loading and End Conditions on Maximum cr_. 








Simply Supported Ends 
Maximum 
Stress 
0.682 o B U 
0.788 a B C 
0.810 o B C 









0.621 o B U 
0.770 a B C 
°'7°2 °BC 





^ L / 9 
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TABLE 5 
Effect of Loading and End Conditions on Maximum T . 





Load at L/6 
0 
Simply Supported Ends 
Maximum 
Stress 
0.605 T B U 
l.ooo T B C 
1.315 T B C 
l.ooo T B C 
Location 








0.700 T B U 
l.ooo T B C 
K , 7 8 T B C 
1.500 rBC 
l.ooo TB C 
Location 






























Number of Equally 
Spaced Intermediate 
Diaphragms 
M M M M 






































Effect of Midspan Diaphragm Stiffeness on Maximum 
Stresses. Simply Supported Girder IRC under 




































Comparison Between the Maximum Stresses in 






































-0 .0 1 
0.02 
-0 .0 1 
0.02 
Two Diaphragms 









Maximum stresses occur at Node 4. 
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TABLE 9 
Comparison of Methods of Analysis. Stresses and 
Deflections in Girder IRS for a Sinusoidal Load 




Stress in psi 
at Midspan 
Transverse Bending 
Stress in psi 
at Midspan** 
Shear Stress 
in psi at 
Support 
Shear Stress 
















































Fi rst Fourier 









































Average shear stress determined by using parabolic 
approximation. 
'Stress in absolute value. 
TABLE 10 
Maximum Stresses and Deflections in Girder IRS. 





Two X-Braces at 
Third Points* 
Five X-Braces a t 
Sixth Points* 




Third Points* * 
Two Plate Dia-



































































^ X-brace consists of two 4" x 3" x 5/16" angles. 
Plate diaphragm is a 3/8" thick steel plate. 
*** Stress in absolute value. 
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TABLE I I 
Cross-Bracing Stresses In Girder IRS. 































Normalized Longitudinal Axial Stresses at Midspan of Girder 2RC. 





















Two Intermediate 1 Two Intermediate 
Diaphragms at j Diaphragms at 
7L/18 and IIL/18 1 8L/18 and 10L/18 
-1.66 i -1.44 
-0.78 ! -0.83 
i 


























Normalized Longitudinal Axial Stresses at Midspan of Girder 3RC. 




































































Normalized Longitudinal Axial Stresses at Midspan of Girder 2RPC. 

































































































Normalized Transverse Bending Stresses at Midspan of Girder 2RC. 
































Diaphragms at w 


















































Normalized Transverse Bending Stresses at Midspan of Girder 3RC. 






















































































































Normalized Transverse Bending Stresses at Midspan of Girder 2RPC. 
Midspan Concentrated Loads. 










































































































































Influence Coefficients for the Moment in Exterior Beam*of 
Multicell Box Girders for Various Transverse Positions of 













































































Influence Coefficients for the Moment In Interior Beam*of 
Multicell Box Girders for Various Transverse Positions of 









































































Beam element at Node 2. 
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TABLE 20 
Comparison of Methods of Analysis. Longitudinal 



















































































Comparison of Methods of Analysis. Transverse 










































































































First Fourier term of a 10 K. midspan load. Stresses are expressed 
in psi and in absolute value. 
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TABLE 22 
Comparison of Methods of Analysis. 
Vertical Deflections In Girder 2TPCS 
































First Fourier term of a 10 K. midspan load. Deflections 
are expressed in in . 
TABLE 23 
Wheel Load Distribution Factors for Exterior and Interior Beams. 
Multicell Box Girders with Axle Loads at Midspan. 
Box 











































































E for exterior beam, I for interior beam. 
I 
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Figure I . Typical Cross-Sections of Box Girders 
Figure 2. Coordinate System 
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miiiimimiiiiiiiiiiiii 
Figure 3« Types of Loads Considered 
V-
* • - x 
dz 
* 
Figure 4 . Elementary St r ip 
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1.0 v/^///// % 
(a) Longitudinal Displacement of Node i - «.(s) 
(b) Transverse Displacement of Member j • k w 




















d/2 b / 2 p t ^ ^ -b/2 
-d/2 
(b) 
Figure 6. Longitudinal Generalized Coordinates of a Rectangular 




























Figure 7« Transverse Generalized Coordinates of a Rectangular 




MT(z,s) + - g j ds 
/ te —y 
oL(z,s) + - g j dz T (z,s) + g-£ dz 
Figure 8. Forces Acting on an Element 
—K K-
Figure 9* Stiffened Plate Element 
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V h " • 
Figure 10. Transverse Action of a Plate Diaphragm 
Vl" ' 



















Vh • K 0 
Brace 
Figure 13. Transverse Action of an X-Brace 
(a) Rectangular 
Plate (b) Trapezoidal Plate 
Figure 14. Equivalent X-Brace 
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Figure 15. Loads Applied on Single Cell Girders 
















A P 2'c/c B <?> 15'cA 
. 3/8" 3/8" 
3/8" x 6" St i f fs . 





3 3a TTT4 l® 3/8'„4a 
3/8' 
J 
St i f f . B 
r 
12" 
(c) IRS (d) Stiffeners 
of IRS 
Figure 17. Cross-Sections of Single Cell Box Girders 
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(a) Longitudinal Axial Stress 
(b) Transverse Bending Moment and Stress 
(c) Shear (d) Deflection 
Figure 18. Stress and Deformation Patterns induced in 
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Figure 19. Variation of o Along Girder IRC. Simply 
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Figure 20. Variation of a Along Girder IRC. Fixed Ends. 
Uniform Torsional Load. 
0.25 
Figure 21. Variation of o L Along Girder IRC. Simply Supported 
Ends. Concentrated Torsional Load at L/2. 
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Figure 22. Variation of o^ along Girder IRC. Simply 





Figure 23. Variation of a Along Girder IRC. Simply 
Supported Ends. Concentrated Torsional Load at L/6. 
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Figure 24. Effect of End Fixity ontr^ Girder IRC under Concentrated 
Torsional Loads (End Diaphragms Only). 
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Figure 25. Variation of o. Along Girder IRC. Fixed Ends. 
Concentrated Torsional Load at L/2. 
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M 
Figure 26. Variation of a^ Along Girder IRC. Fixed Ends. 
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Figure 27. Variation of a Along Girder IRC. Simply 
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Figure 28. Variation of a Along Girder IRC. Fixed Ends. 
Uniform Torsional Load. 
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Figure 29. Variation of o"T Along Girder IRC. Simply 
Supported Ends. Concentrated Torsional Load at L/2. 
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Figure 30. Variation of a_ Along Girder IRC. Simply 




















Figure 31. Variation of ff Along Girder IRC. Simply 
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Figure 32. Effect of End Fixity on cr . Girder IRC under 
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Figure 33* Variation of CTT Along Girder IRC. Fixed Ends. 
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Figure 34. Variation of <jj Along Girder IRC. Fixed Ends. 
Concentrated Torsional Load at L/6. 
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Figure 35. Variation of T V Along Girder IRC. Simply Supported 
Ends. Uniform Torsional Load. 
i 
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Figure 36. Variation of T and T. Along Girder IRC. 
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Figure 37. Variation of Ty and T h Along Girder IRC. 
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Figure 38a. Variation of T and T, Along Girder IRC. 
Simply Supported Ends. Concentrated Torsional Load at 




















cation of a Diaphragn 
L 
Figure 38b. Variation of T and T. Along Girder IRC. 
Simply Supported Ends. Concentrated Torsional Load at 
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Figure 39. Variation of T and T. along Girder IRC. Fixed Ends. 
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Concentrated Torsional Load at L/6. 
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Figure 40. Variation of 6_ Along Girder IRC. Simply 
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Figure 41. Variation of 6 Along Girder IRC. Simply 
Supported Ends. Concentrated Torsional Load at L/2. 
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Figure 42. Effect of Midspan Diaphragm Stiffness on the Variation of o-
Along Girder IRC. Concentrated Torsional Loads. 
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Figure 43. Effect of Midspan Diaphragm Stiffness on the Variation of cr. 
Along Girder IRC. Concentrated Torsional Loads. 
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Figure 44. Effect of Midspan Diaphragm Stiffness on the Variation of T and T. 
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Figure 45. Variation of o\ with H =» .200. 
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Figure 46. Variation of Maximum o, with Number of 
Compartments for Different Values of H . 
Square Box Girder. Uniform Torsional Load. 
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Number of Compartments N 
Figure 47. Variation of Maximum a^ with Number of Compartments 
for Different Values of H . Square Box Girder. 
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Figure 48. Variation of Maximum T with Number of 
Compartments for Different Values of H . 
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Figure 49. Variation of Maximum 6 wjth Number of 
Compartments for Different Values of H . 
c 




k- io« 10' 
1 2a 2 2b 








• • • a n ? ?b 3a. 3 .3 
2c 







0« •»{« jo' 
-v6" 
| * - 100"—H- lOC'-^- lOO" - * | 7, 
,kB > 31 IN,-
7b1 /ah i_ 
7 7a 8a 8 
8 
(d) 2TPCS 
Figure 50. Cross-Sections of Multicell Box Girders 
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Figure 5 1 . Orthogonal Generalized Coordinates 
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Figure 52. Variation of a at the Nodes. Girder 2RC Loaded by a 
Concentrated Load at Node 1 and Midspan. 
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igure 53- Variation of<?T at Ends of Elements. Girder 2RC Loaded by 
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Figure 54. Resolution of Concentrated Load at Node 1 
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Figure 57. Comparison between Saint-Venant Shear Stresses and Computed 
Shear Stresses at the Ends of Girders 2RC, 3RC and 2RPC. Two 
Intermediate Diaphragms at 7L / I8 and I I L / 1 8 . Midspan Concentrated 
Torsional Load. 
1 2 3 ' 2 3 
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Figure 58. Deflections of Girder 2RC at Midspan. Concentrated Load at Midspan. 
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Figure 59. Deflections of Girder 3RC at Midspan. Concentrated Load at Midspan. 
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1 No Int. Diaphragm — 
2 Midspan Diaphragm 
3 Diaphragms at ygt -^ 
Figure 60. Deflections of Girder 2RPC at Midspan. Concentrated Load at Midspan. 
— 6 ' - | * 4 ' ^ i 2 ^ - 6 ' -*,4»*-
I t i l Jl 
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(a) Two Lanes, Left Beam 
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(b) Two Lanes, Interior Beam 
f i'-j^f-r^y^-r-r ^ 
1 1 
(c) Three Lanes, Left Beam 
k 7' -^'-fe'ffr'-y fo'f 7» •— 
(d) Two Lanes, Interior Beam 
,-•— 6»-Y4« -^2 ' r 6'^*i2» 6'-n 2 
i r 
(e) Three Lanes, Left Beam 
r6'-! 
-*|2'r- 6»-»,2'|2,r- 6'-n2'|2»h»- 6'-*v\+-
i n~^ 1 1 
(f) Three Lanes, Leftmost Interior Beam. 
* 
Figure 61 . Wheel Load Configuration for Maximum Moments in Beam Elements. 
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APPENDIX A 
EFFECTIVE PLATE WIDTH ACTING WITH A TRANSVERSE STIFFENER 
The analysis procedure permits consideration of transversely 
stiffened plate elements if an effective plate width that acts with 
each stiffener is determined. The following development of effective 
plate width is based on information given in Reference (31). 
A study of Chart 1 of Reference (31) shows that the effective 
plate width a for equally loaded stiffeners Is given by: 
. B a tahh (2.8 a/S]) , . 
ao 2.8(l-vZ)a/S, lA,l> 
where a is the stiffener spacing, S. the effective stiffener span which 
is the length of the stiffener subjected to moment of the same sign, and 
v is Poisson's ratio for plate and stiffeners. 
For loads applied at the nodes the stiffeners are almost equally 
loaded. The effective stiffener span can be best approximated by 0.5S, 
the term S being the stiffener span and the plate width. Therefore the 
effective pjate width is obtained from Equation (A.I) by replacing S. 
by its value of 0.5 S: 
a = a tanh (5.6 a/S) ^.2) 
° 5.6(l-v2) a/S 
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APPENDIX B 
OUTLINE OF THE COMPUTER PROGRAM 
The computer program developed for the study of multicell 
box girders is discussed here. It is written in FORTRAN language for 
use on the IBM-7094 of the University of Illinois. The use of sequen-
tial programming is necessary because of limitations on storage capacity. 
The program consists of two core loads. 
The first core load starts by reading in the properties of 
the structure and the boundary conditions. It then finds the equi-
valent longitudinal thickness and transverse stiffness of stiffened 
plate elements. It also reads in the output point locations and the 
parameters of the numerical integration. 
It then proceeds to the determination of the generalized 
coordinates. The set of orthogonal transverse generalized coordinates 
is read in directly. The orthogonal set of longitudinal generalized 
coordinates is obtained from a set of non-orthogonal longitudinal 
generalized coordinates by using the orthogonalization procedure of 
Section 3-1 and the library subroutine EIGI. This subroutine fails 
to give results for repeated eigenvalues which occur for a single 
cell square box with uniform thickness. In this trivial case, the 
program provides the orthogonal longitudinal coordinates of Figure 6b 
directly. The program then proceeds to find the coefficients of the 
system of differential equations a.., b.., c,. , d, , and r.. . 
^ j i j i jk hi hk 
168 
The program proceeds to read in matrices s,. and LI. at both 
ends of each plate element. Both matrices are obtained from a separate 
program written in the "STRESS" language. 
Beam elements properties are read in and computed. Plate 
diaphragms properties are read in and the forces exerted by the 
diaphragms on the box girder are determined for all unit generalized 
displacements and stored. The same Is done for the cross-bracing and 
the program calls the second core load. 
The second core load is repeated for each loading case 
applied on the structure. It starts by reading the first loading. 
It goes on to integrate the system of differential equations for each 
initial-value problem after setting the initial values of the displace-
ment functions. The integration is done by an iteration process until 
convergence, as explained in Section 3.4. If the number of iterations 
exceeds 10, the length of the interval is divided by two and the process 
is repeated. The initial interval length is taken as 1/180 of the span 
and the generalized displacements and their derivatives are stored at 
severai equally spaced output points along "the span. In most cases analyzed 
here convergence occurred before the sixth iteration using 36O equal 
intervals. The effects of concentrated loads and diaphragms is intro-
duced if loads and diaphragms are located at the end of the Interval. 
If the values for the generalized displacements or their 
derivatives are.large the numerical integration is stopped for all the 
initial-value problems at the same point and the suppression discussed 
in Section 3«6 is applied. A new set of initial-value problems is 
obtained containing very little of the growing solutions. The previously 
stored values of the generalized displacementsand their derivatives at 
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the output points are modified accordingly. The integration then proceeds 
for all the new initial-value problems from the point of suppression on-
ward with a new set of initial values. This process is repeated until 
the far end. Suppressions are made wherever necessary. In all the 
problems solved the number of suppressions never exceeded 6 for a 
permitted magnification factor of 16. 
When the integration reaches the far end, the Initial-value 
problems are linearly combined to satisfy the far end boundary conditions. 
The unique solution for the generalized displacements and first deriva-
tives is obtained using a Gauss elimination procedure. The stresses 
and deflections are found and written out for the first loading. The 
second core load reads in the remaining loadingsand treats them 
seccessively as explained for the first loading. Then core load two 
transfers control to core load one which starts reading in the next 
problem. 
The problem is solved separately for each loading case because 
of limitations on the storage capacity. A more efficient scheme Is 
possible by considering all the loading cases at the same time. This 
would require the use of tape operations. 
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(Starj 
Read Properties of Structure and Boundary Conditions. 
Find Equivalent Longitudinal Thickness and Find 
Transverse Stiffness. 
Read Output Points and Parameters of numerical 
Integration 
No 
I s GI rder 




Obtain a Set of Orthogonal 
* Coordinates from a Non-
Orthogonal Set. 
Input Orthogonal • Co-
ordinates. 
Find Matrices B jp ° j r 
c. k' d h l ' rhk-
Input Orthogonal * Co-
ordinates. 
Input Orthogonal t Co-
ordinates. 
Find Matrices a.., b.j, 
:jk' dh!' rhk* 
I 
Input Matrices s.. and u-h 
at Ends of Plate Elements 
From "STRESS Program." 
Read Beam Elements and Compute Section Moduli 
Read Plate Diaphragms Properties. Find Forces 
Exerted by Diaphragms for all Unit Generalized 
n U p U r w i i A n U and Store 
Read Cross-Bracing Properties. Find Forces 
Exerted by Bracing for a l l Unit Generalized 
Displacements and Store. 
Figure A.1 . Core Load 1 
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-tf Do For Each Loading y ® 
Read Loading and Arrange ^± 
<f Do For Each In i t ia l -Va lue Problem V 
t 
Set Initial Values of Displacement Functions 
£ 
^ D o F o r Each Interval ^> 
Numerical Integration of the In i t ia l -Va lue Problem 
in One Interval Unt i l Convergence. 
Effect of Distributed Load is Included. 
T 
Effect of Concentrated Loads and Diaphragms is In-




A Point of Sup-^ 







Suppress the Set of 
Initial-Value Problems. 
Proceed with Integra-
tion from Last Interval. 
Find Generalized Displace-
ments from the Far End 
Boundary Conditions. 
Find and Output Stresses 
and Deflections. 
Figure A.2. Core Load 2 
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